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ABSTRACT
This thesis describes a new approach to steering, control, and
load relief for a constant-thrust, gimballed engine, launch vehicle. The
steering loop is designed to control the direction of the vehicle velo-
city vector to a desired trajectory. To achieve this control, the steer-
ing loop generates an angle of attack command to the flight control sys-
tem. The control of angle of attack by the flight control system serves
the dual purpose of satisfying the steering command while at the same
time controlling the load on the vehicle (i.e., the force normal to the
vehicle longitudinal axis). Load control is achieved by controlling
angle of attack because the vehicle load is approximately proportional to
the angle of attack. The role of the steering loop in achieving load
relief is to limit the angle of attack command whenever the command would
result in an unacceptably large load.
A detailed description of the steering and control loops is given
in the thesis including a derivation of the equation for the commanded
angle of attack and a description and analysis of the estimation filters
required by the flight control system. A stability study is made as
well as a simulation study to demonstrate the effectiveness of the sys-
tem. Results of the studies indicate that the system can effectively
steer to a desired trajectory even in the presence of large winds while
satisfying specified stability margins. The load relief system effec-
tively reduces the vehicle load in the presence of winds to satisfy load
relief requirements.
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CHAPTER 1
INTRODUCTION
This thesis presents a digital steering, control and load relief
system for the first stage of a constant thrust symmetrical launch vehi-
cle controlled by a two degree of freedom gimballed engine. In conven-
tional systems, the function of the steering loop is to control the
direction of acceleration, and the function of the flight control system
is to control the attitude in response to an attitude command supplied by
the steering loop. In addition to satisfying the steering and control
requirements, all systems must maintain a sufficiently small angle of at-
tack to prevent excessive forces normal to the longitudinal axis. In
conventional systems, these normal forces are reduced by a separate load-
relief feedback loop which augments the steering and control systems.
Typically this load relief is achieved by feeding back measurements of
normal acceleration.
The steering, control and load relief system presented in this
thesis takes a different approach from that used by conventional systems.
In this system, the steering loop is designed to control the direction of
the earth-relative velocity vector (rather than acceleration), and the
flight control system is designed to control the angle of attack (rather
than attitude) in response to an angle of attack command supplied by the
steering loop. The angle of attack signal, which is fed back in the
control system, is an estimated quantity because direct measurements are
not available. An additional feedback loop for load relief is unneces-
sary since, by controlling the angle of attack, the aerodynamic normal
force is also controlled. The aerodynamic forces produced by steering to
a desired trajectory are limited by applying a limit to the angle of at-
tack command.
1.1 Trajectory Control
The objective of the steering and control system is to follow a
desired boost trajectory which will result in a specified position and
velocity at the end of the first stage. The desired trajectory can be
represented either by position, velocity, or acceleration as a function
of time. Typical first stage launch vehicle steering and control systems
steer the vehicle along an acceleration direction profile in an attempt
to follow a desired trajectory. Since conventional flight control sys-
tems control attitude, the steering loops for these systems attempt to
follow the acceleration profile by generating the appropriate attitude
command to the flight control system. The use of attitude command is ef-
fective in steering to a desired acceleration direction because a change
in attitude results in approximately the same change in direction of the
vehicle acceleration vector. This follows from the fact that the predom-
inant force acting on the vehicle is thrust which is always constrained
to lie within a few degrees of the vehicle longitudinal axis.
There are various approaches which have been used to generate the
attitude command. One approach is to command the predetermined attitude
profile required to achieve the nominal (no wind) vehicle acceleration
direction profile. However, in the presence of winds, acceleration er-
rors caused by changes in the aerodynamic forces will result in the vehi-
cle drifting off the desired trajectory. To reduce these acceleration
errors, another approach used by conventional systems is to have the
steering loop control the acceleration direction by using a closed-loop
error signal proportional to the angle between measured acceleration and
desired acceleration.
Although effective control of acceleration can be obtained with a
closed-loop system, acceleration errors during the trajectory integrate
to produce a terminal velocity error. More precise control of the velo-
city and therefore the position could be obtained by directly controlling
the earth-relative velocity vector. Ideally, this would mean controlling
both the magnitude and direction of the velocity vector. It is assumed
in this thesis that the vehicle has a constant thrust engine. Conse-
quently, no significant control of velocity magnitude is possible. With
this constraint, the most effective means of achieving the desired tra-
jectory is by controlling the direction of the earth-relative velocity
vector. This is the approach taken in this thesis.
The steering loop, presented in this thesis, controls the earth-
relative velocity vector to follow a desired velocity direction trajec-
tory in a trajectory plane. The velocity direction at a particular time
can be defined in terms of a flight path angle which is the angle between
the velocity vector and the local horizontal vector of the earth at
launch. Therefore, in this thesis, the desired trajectory is represented
by a time function of flight path angle. The steering loop generates an
angle of attack command to nominally follow the desired trajectory, using
velocity direction feedback to modify this command to correct for trajec-
tory deviations.
1.2 Load Relief
The first stage takes the vehicle from launch through most of the
atmosphere where the vehicle may be subjected to high velocity wind dis-
turbances. If the vehicle attempts to follow the pre-specified trajec-
tory in the presence of a large wind disturbance, the angle of attack may
be significantly increased, resulting in a large aerodynamic normal
force. This large aerodynamic force, in combination with the thrust com-
ponent normal to the vehicle required to balance the torque produced by
the aerodynamic force, can cause large bending moments which the vehicle
may not structually be able to withstand. However, these forces normal
to the vehicle can be reduced at least partially through "load relief"
schemes which cause the vehicle to rotate into the wind so as to reduce
the angle of attack and the corresponding loads on the vehicle. However,
load relief can cause the vehicle to drift off the desired trajectory.
An effective load relief system is one which reduces structural bending
moments caused by winds without causing excessive drift.
In conventional systems, load relief is accomplished by adding
to the flight control system a feedback signal based on some measure of
the forces normal to the vehicle. In the system presented in this the-
sis, no additional feedback is required to estimate the force normal to
the vehicle since the flight control system controls angle of attack.
The advantage of this system is that any change in angle of attack caused
by a wind disturbance will be directly sensed and responded to. Further-
more, this system offers the possibility of reducing the loads imposed by
the steering loop in an attempt to follow the desired trajectory by
limiting the angle of attack command. Limiting will cause the vehicle to
drift off the velocity direction profile. Whenever the angle of attack
is not being limited, however, the steering loop will attempt to return
to the desired velocity direction profile.
CHAPTER 2
STEERING
2.1 Introduction
The purpose of the steering loop is to control the direction of
the vehicle velocity vector to a predetermined velocity direction pro-
file. The desired trajectory is assumed to lie in a vertical plane.
While this assumption is not necessary, it simplifies implementation and
testing of this concept. The velocity direction profile can be obtained
from a desired reference trajectory by a curve fit of the angle between
the velocity vector and the horizontal plane, referred to as the flight
path angle (y), as a function of time (see Figure 2-1). The steering
system supplies commands to the flight control system that will nominally
cause the vehicle to follow the reference trajectory in the absence of
winds, and also rotate the vehicle velocity vector to correct for devia-
tions from this trajectory resulting from wind disturbances and other
system errors. These commands are generated as desired in-the-trajec-
tory-plane and out-of-the-trajectory-plane rotation rates of the earth-
relative velocity vector. These rotation rates, in turn, are translated
into "angle of attack" and "sideslip angle" commands, defined relative to
an unrolled body axis system whose x and z axes are assumed to be close
to the trajectory plane. The flight control system then transforms these
commands into rolled (current) body axes for comparison with estimated
angles used for feedback control.
VEHICLE TRAJECTORY
tSECONDS AFTER LAUNCH
V VELOCITY VECTOR
- FLIGHT PATH ANGLE
Figure 2-1. Definition of flight path angle.
2.2 Steering Loop Implementation
Figure 2-2 presents a block diagram of the in-the-trajectory plane
steering loop. The commanded rotation rate of the vehicle velocity
vector in the trajectory plane, y command' can be seen in Figure 2-2 to be
composed of two components, an open-loop component, ,open-loop' and a
closed-loop component, ;closed-loop These components are computed every
steering loop cycle time, T . The open-loop component is the average
rate over each steering cycle necessary to follow the trajectory in the
absence of any deviations, computed from the relationship
iopen-loop
Tdd
n+1 n
T
s
(2-1)
7Ydn+1 
-yn
T 'd
Ts 70pen-loop
Kd + 7command 
K +
n "- 7closed-loop
THE DESIRED FLIGHT
PATH ANGLE AT THE Cos 'Ymeasured
PRESENTSTEERING 
------------------- K3
LOOP CALCULATION
TIME
GRAVITY
THE ANGLE BETWEEN THE
PROJECTION OF THE EARTH-
RELATIVE VELOCITY VECTOR
ON THE XNR - ZNR PLANE AND
THE XNR AXIS
ANGLE OF ATTACK
COMMAND COMMANDED
ANGLE OF ATTACK NOZZLE
COMMAND LIMITER (DEFLECTION
NFLIGHT c E L a+ CNTRnl n VEHICLE
-w
ESTIMATE OF ANGLE OF
ATTACK AVAILABLE FROM
THE FLIGHT CONTROL
SYSTEM
7measured
Figure 2-2. Steering loop to control flight path angle.
- 7dn+1 7dn
7open-loop 
- Ts
(EQUIVALENTLY, topen-loopIS THE SLOPE
XId OF THE LINE CONNECTING THE END POINTSdn OF THE INTERVAL)
n+1
z
<
a-
tn tn+1 TIME
Ts TIME INTERVAL BETWEEN SUCCESSIVE STEERING CYCLE TIMES
tn, tn+ 1  SUCCESSIVE STEERING CYCLE TIMES
dn' 7dn+1 DESIRED FLIGHT PATH ANGLES AT tn AND tn+1
Figure 2-3. Open-loop flight path angle rate command.
where Yd is the desired flight path angle (see Figure 2-3). Feedback
corrections for trajectory deviations are supplied by a closed-loop
component which is proportional to the angle between the desired flight
path angle, Yd and the measured flight path angle Ymeasured'
Y -l = K [7 - T](2-2)
closed-loop 1 K d measured(
The proportionality constant, K1 , is chosen to achieve satisfactory
response and stability.
The commanded rotation rate, command, is transferred into an angle
of attack command necessary to achieve this rate in the absence of winds.
acno-wind = K 2  Yd + K g (2-3)
where g is gravity acceleration and the gains K2 and K3 are functions
of vehicle mass properties, aerodynamic coefficients and present flight
conditions. The definition of angle of attack (and sideslip angle) as
used here is described in Figure 2-4. In the figure, the air-relative
velocity coordinate system (XV , Y , Z), whose XV axis is defined by
a a a a a
the direction of the air-relative velocity vector, Va, can be rotated
into the unrolled body coordinate system (XNR NR , Z NR) by two succes-
sive Euler angle rotations. These rotations are the sideslip angle, 0,
and angle of attack, a. The computation of K2 assumes that the thrust
is deflected so as to balance the aerodynamic torque resulting from the
angle of attack, and further assumes that the angle of attack is equal to
the commanded value. Since the vehicle air-relative velocity coincides
with the earth-relative velocity in the no-wind case, these assumptions
result in a thrust component perpendicular to the earth-relative velocity
whose effects on y can be included in the computation of K2-
XNR
Yva
YNR
XNR' YNR, ZNR
Va
XVa V ZVa
V aXVa
ZNR
ZVa
UNROLLED BODY COORDINATE SYSTEM
AIR-RELATIVE VELOCITY VECTOR
AIR-RELATIVE VELOCITY COORDINATE SYSTEM
ANGLE OF ATTACK
SIDESLIP ANGLE
X ' LIES IN THE XNR ~-ZNR PLANE
THE ORIENTATION OF THE UNROLLED BODY COORDINATE SYSTEM RELATIVE TO
THE AIR-RELATIVE VELOCITY COORDINATE SYSTEM IS DESCRIBED BY TWO CONSECUTIVE
ROTATIONS:
(1) A NEGATIVE ROTATION ABOUT THE ZVa AXIS THROUGH AN ANGLE3
(2) A POSITIVE ROTATION ABOUT THE YNR AXIS THROUGH AN ANGLEa
Figure 2-4. Definitions of angle of attack and sideslip angle.
In the presence of winds, the resulting thrust deflection relative
to the earth-relative velocity must be changed from the no-wind deflec-
tion by an amount proportional to the angle, a , between the earth re-
lative and the air-relative velocities. This causes the thrust component
perpendicular to the earth-relative velocity to change accordingly, re-
quiring a corresponding adjustment in commanded angle of attack to
achieve the commanded y. This adjustment is provided by the term K a in
4 w
the general relationship for commanded angle of attack:
a = a + K a (2-4)
c cno-wind 4 w
where
w
As shown in Figure 2-5, aE is the angle between the earth-relative ve-
locity vector of the vehicle in the XNR - ZNR plane and the vehicle
XNR axis. & is the estimate of air-relative angle of attack computed
in the flight control system. (The estimated values of angle of attack
and sideslip angle were computed in the rolled body coordinate system.
These estimates must be transformed into the unrolled body coordinate
system to be used in the computation of aw (and 8 )). K4 is a function
of vehicle mass properties, aerodynamic coefficients, and the present
flight condition.
The angle of attack command is limited to achieve the desired load
relief.
The derivation of the gains K2 , K3 , and K4 is presented in the
next section.
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Figure 2-5. Definition of a .
The function of the out-of-plane steering loop is to keep the
earth-relative velocity vector close to the trajectory plane. The form
of the out-of-plane steering loop is similar to Figure 2-2 with the
important difference that there is no open-loop component for the com-
manded rotation rate of the earth-relative velocity vector. This is true
because no out-of-plane rotation is desired.
2.3 Angle of Attack Command
A simplified derivation of the angle of attack required to produce
a commanded rotation rate of the earth-relative velocity vector is pre-
sented here. This derivation assumes the X -Z plane of the vehicleNR NR paeo h eil
remains coincident with the trajectory plane. The complete derivation is
given in Appendix B. There are four assumptions made in computing the
commanded angle of attack.
(1) The engine nozzle deflection, 6, is the deflection neces-
sary to balance the aerodynamic torque.
(2) The small angle approximation is valid for 6, aE, and a.
(3) The coefficient of the aerodynamic force normal to the
longitudinal axis of the vehicle, CN, is proportional to
the angle of attack, (i.e., CN can be approximated by CN a,
a
where a is the angle between the longitudinal axis and the
projection of the air-relative velocity vector on the
X NR-ZNR plane.
(4) The earth-fixed coordinate frame is assumed to be an
inertial frame.
The relationship between flight path angle rate (rotation rate of
the earth-relative velocity vector in the trajectory plane) and angle of
attack can be seen directly when the equations of motion are derived in
the velocity coordinate system. (See Figure 2-6). The earth-relative
acceleration of the vehicle is
+ (V)dVE
= M
dt(V)
+ x VE) V
where VE is the velocity vector relative to an earth-fixed coordinate
system and w is the angular velocity of the earth-relative velocity
vector with respect to the earth-fixed coordinate system. The differ-
entiation is taken relative to the coordinate system appearing in the
superscript. The vector is expressed relative to the coordinate system
appearing in the subscript. Since the velocity vector is along the x
axis of the velocity coordinate system,
d (V)
dt (V) E (2-6)
The rotation rate of the velocity coordinate frame with respect to the
earth-fixed coordinate system is the flight path angle rate.
Therefore,
W X VE ) (V)
(2-7)
0
= 0
_Es
E F
+ (E)
dE
(V)
(2-5)
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Figure 2-6. Definitions of earth-fixed and velocity coordinate systems.
The resultant linear acceleration vector relative to an earth-fixed
coordinate system is
+ (E)dVE
dt(V)
=0 V E
LV EYJ
(2-8)
The corresponding equation of motion is given by
+ (E)
dVE
dt I(V)
= IF M (2-9)
Summing the forces and substituting into Equation (2-9) yields
T cos(aE SN sin aE - SqCA cos aE - Mg sin y
0
-T sin(aE N cos aE + SqCA sin a + Mg cos y
(2-10)
(See Figure 2-7 and Table 2-1 for the definition of the terms in the
right hand side of the above equation.)
From the z component of Equation (2-10), it can be seen that the
rate of change of the flight path angle is proportional to the sum of the
forces normal to the vehicle velocity vector. Using the small angle
approximation and approximating CN with CN a, the z component can be
expressed as
MVEY = (T - SqCAE)a + SqCN a - TS - Mg cos y
a
(2-11)
VE
M 0 =
-vEY
XNR
F N SqC N FA =SqCA aE+ E
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Figure 2-7. Vehicle diagram for the derivation of the equations of
motion.
Definitions of parameters in equations of motion.
Substitute y for y in the above equation and let 1, a', and 6' be a
set of values which satisfy the equation for the given '
MVEc = (T - SqC A) a + SqCN a' - T' - Mg cos y (2-12)
It should be noted that, in general, yc will be different from the exist-
ing value of y. Therefore a', a', and 6' will be different from the
E
existing values of a , a, and 6. If a', a', and 6' were independentE E
variables, there would be infinitely many combinations of these variables
which would satisfy Equation (2-12). However, a; and a' can be consid-
ered dependent quantities since, for a given wind velocity, the differ-
ence between these angles is insensitive to changes in vehicle attitude
and velocity over a steering cycle. Therefore, (a' - a') is approxi-
mately equal to (a - a ), which from Figure 2-7 is defined to be a
E w
Symbol Definition
M Mass
g Acceleration due to gravity
T Thrust
a Nozzle deflection angle
cg Center of gravity
Xcg Distance between cg and nozzle hinge point
cp Center of pressure
Xcp Distance between cg and cp
S Reference area
q Dynamic pressure
CN Aerodynamic normal force coefficient
CA Aerodynamic axial force coefficient
Table 2-1.
The quantity a' can be expressed asE
a' = a' - a,E (2-13)
Also, based on the assumption that the net torque on the vehicle is zero,
6' is proportional to a'.
T6' = - SqC N a'
cg a
(2-14)
Substituting Equations (2-13) and (2-14) into Equation (2-12), the
following equation is obtained:
MVEc = [(T - SqCA) + SqCN (1 + - a' - (T - SqCA aw - Mg cos y
a cg
(2-15)
Solving Equation (2-15) for a'
(T - SqC ) + SqCN (1 + tcp)
a cg
[M(VEyc + g cos y) + (T - SqC A aw
(2-16)
This value of a' is the commanded angle of attack, a , to the flight
c
control system. It should be noted that by commanding a', the assumption
implied by Equation (2-14) is that the nozzle is deflected to balance the
aerodynamic torque produced by the commanded angle of attack. This as-
sumption will be true, in general, only if the flight control system has
zero steady state error.
a' =
Equation (2-16) can be rewritten as
a = K2 Yc + K3g + K aw
MVE
(T - SqCA) + SN (1 + )
a cg
M cos y
(T - Sq A) + SqCN (1 + )
a cg
(T - SqC )
(T - A) + SqCN (1 + )
a cg
The quantities K2, K3, and K4 are the gains shown in Figure 2-2 and Equa-
tions (2-3) and (2-4). The vehicle parameters, aerodynamic coeffi-
cients and dynamic pressure present in K2, K3, and K4 were curve fitted
using data from a nominal trajectory. The changes in the nominal "no
wind" dynamic pressure caused by wind disturbances are neglected because
they cannot be estimated. The quantities VE and y can be determined from
the earth-relative velocity vector VE. This vector is computed from
integrated accelerometer measurements and estimated gravity. The a
w
term in Equation (2-15) is computed as the difference between angle of
attack, which is estimated by the flight control system, and aE, which is
computed from measured attitude and measured velocity VE'
where
(2-17)
K
K3
K4
(2-18)
(2-19)
(2-20)
It is assumed that the angle of attack command will produce the
commanded y between steering calculations. This assumption is generally
valid because parameters on the right hand side of Equation (2-16) change
slowly over a steering cycle. However, the quantity a may change signi-
w
ficantly during the steering interval due to a large wind gust. Since
wind disturbances cannot be predicted, the ac will be in error during
part of a steering interval. The drift off the desired trajectory caused
by the error in a will be reduced by the steering loop.
c
CHAPTER 3
FLIGHT CONTROL SYSTEM
3.1 Introduction
An uncontrolled boost vehicle in the atmosphere is inherently un-
stable. The instability is a consequence of the fact that the aerodyn-
amic center of pressure is forward of the center of gravity. (The center
of pressure is the point at which the distributed aerodynamic lift forces
can be lumped into a single force.) A perturbation in angle of attack
results in a change in aerodynamic torque. If there is no compensating
deflection of the thrust vector to balance the torque, there will be a
change in the vehicle's angular acceleration. The acceleration changes
the angle of attack in the same direction as the original perturbation
(see Figure 3-1) which is an unstable condition. The flight control sys-
tem must therefore stabilize the vehicle as well as follow the steering
command.
The flight control system presented here is a digital control sys-
tem; the system computes an engine nozzle deflection command to the noz-
zle actuator at regular discrete intervals. The flight control sampling
interval used is 30 ms. The command is held constant during this inter-
val. The flight control system uses angle of attack, sideslip angle, and
attitude rate feedback to control and stabilize the vehicle. Since meas-
urements of these quantities are not available to the flight control sys-
tem presented in this thesis, they mast be estimated as functions of
measured quantities. The measured quantities used for estimation are the
change in attitude over the interval between flight control system cal-
culations, the change in vehicle velocity over the same interval as
40
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The effect of a perturbation on an uncontrolled vehicle.
sensed by the accelerometers, and the engine nozzle deflection angle at
each calculation time.
3.2 Flight Control System Description
The command and feedback variables of the flight control system
are defined relative to a control coordinate system which is fixed with
respect to the vehicle. (See Figure 3-2.) The y and z control axes are
defined to be coincident with the rotation axes of the nozzle actuators.
The x axis of the control axis system is coincident with the x axis of
the unrolled system (in which the angle of attack and sideslip angle
commands are defined). The angle from the y axis of the unrolled system
to the y axis of the control axis system is defined to be the vehicle
roll angle, *. The flight control system presented in this thesis uses
two channels to control the orientation of the vehicle relative to the
velocity vector: an angle of attack control loop and a sideslip control
loop. Each of these loops provides stability and control of the vehicle
in a body-fixed plane. The angle of attack loop controls the angle
between the Xc axis and the projection of the velocity vector onto
the X -Z plane (referred to hereafter as rolled-axes angle of attack);
c c
the sideslip loop controls the angle between the projection of the
velocity vector onto the X -Z plane and the velocity vector (referred
c c
to hereafter as a rolled-axes sideslip angle). It should be noted that
the angle of attack and sideslip angle commanded by the steering loop are
defined with respect to an unrolled body coordinate system (see Figure
2-4). Since the flight control system estimates the rolled-axes angle of
attack and sideslip angle, it is necessary to transform the commanded
angle of attack and sideslip angle.
Since the two control planes are perpendicular and the vehicle is
assumed to be symmetric (no product of inertia terms), the angle of at-
tack and sideslip control loops can be considered to be decoupled (that
is, the nozzle deflection in one control plane has no effect on the vehi-
cle motion in the other control plane). This reduces the flight control
system into two single plane control systems. To control and stabilize
XNR, Xc
YNR
V 
NYZNR
XNR, YNR, ZNR THE UNROLLED BODY COORDINATE SYSTEM WITH THE YNR AXIS
PARALLEL TO THE LOCAL EARTH HORIZONTAL PLANE
Xc' Yc, ZC BODY-FIXED CONTROL COORDINATE SYSTEM
ROLLANGLE
Figure 3-2. Definitions of unrolled body and control coordinate systems.
the vehicle in the X -Z plane, the angle of attack control loop feeds
c c
back the estimated rolled-axes angle of attack (a ) and the estimated
(c)
attitude rate of the vehicle in the X c-Zc plane (0). (See Figure 3-3).
Likewise, to control and stabilize the vehicle in the Y -Z plane, the
c c
sideslip control loop feeds back estimated rolled-axes sideslip angle
(6 ) and the estimated attitude rate in the vehicle in the Y -Z plane
A(c) c c
($). (See Figure 3-4.) It should be noted that the error generated by
a(c)
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Figure 3-3. Functional block diagram of the angle of attack control loop.
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Figure 3-4. Functional block diagram of the sideslip control loop.
the outer loop is actually the negative of the error in rolled-axes side-
slip angle. This is necessary to be consistent with the sign convention
for the nozzle deflection in the sideslip control plane. The rolled-axes
angle of attack and sideslip angle errors are limited to improve the
transient response in the presence of large errors. The bending filter
is a second order discrete filter necessary to compensate for the effects
of the first vehicle bending mode of the vehicle. The commanded nozzle
deflection in each channel is limited so that the total commanded nozzle
deflection is not greater than the nozzle position limit.
3.3 Roll Transformation of Angle of Attack and Sideslip Commands
The angle of attack and sideslip commands are two ordered rota-
tions which describe the commanded relative orientation of the velocity
vector to the unrolled body coordinate system. Because the angle of
attack and sideslip commands provided by the steering loop are small
angles, these rotations are commutative if second-order and higher terms
are neglected. Therefore, the rotations may be treated as vectors which
can be transformed into another coordinate system. Let the angle of at-
tack command be a positive rotation about the Y axis; let the side-NR
slip command be a negative rotation about the ZNR axis. These rotations
then represent components of a vector in the unrolled body coordinate
system,
0
A = a (3-1)(NR) cc
The rotations may be expressed in the control coordinate system by
applying a roll transformation (see Figure 3-2) to Equation (3-1).
+ NR +
A(C) C A(NR)
Therefore,
0 1 0 0 0
a = 0 cos sin a  32c I[ C(3-2)(C)
[-8c)] 0 -sin cos -
. c (C). . . . c
The rolled-axes angle of attack and sideslip commands expressed in terms
of angle of attack and sideslip commands produced by the steering loop
are
a = a cos -8 sin
c (c) c c
(3-3)
Sc = ac sin * + 8 cos $
(c)
An alternate, more precise, derivation is given in Appendix C.
3.4 Rate Estimator
The flight control system uses attitude rate feedback in each
control plane to help stabilize the vehicle. The attitude rate must be
estimated because it is not measured. The measured quantities used to
estimate attitude rate are the following:
(1) The incremental change in velocity of the vehicle over the
30 ms interval between flight control system calculations
(sensed by IMU accelerometers). This measured change in
velocity does not include the effect of gravity. The
acceleration of the IMU sensed by the accelerometers is
inteqrated in an inertial frame to produce the change in
velocity' over the 30 ms flight control sampling interval in
that inertial coordinate system. This measured change in
velocity is transformed in the control coordinate system
every flight control system calculation time. AV , AV ,
x y
and AV are the components of the change in velocity along
z
the X , Y , and Z control axes, respectively.
c c c
(2) The incremental change in attitude of the vehicle over the
same 30 ms interval. A*, AO, and A* are the changes in
attitude of the vehicle about the X , Y , and Z control
c c c
axes respectively.
(3) Engine nozzle deflections in the X -Z plane (6 ) and in
c c y
the X -Y plane (6 ).
c c z
For each control plane, two estimates of rate are calculated - one
estimate is accurate at low frequencies and the other at high frequen-
cies. The low frequency estimate is computed by dividing the change in
attitude over a control loop sampling interval by the sampling interval,
T:
c
A. 6ALOW (X c-Zc control plane) (3-4)
c
AA
ALOW - X Y control plane) (3-5)LOW T c c
c
The high frequency rate estimate is computed as a linear function of the
engine nozzle deflection and the measured change in velocity over a con-
trol sampling interval resolved onto the Z axis at the end of the in-
c
terval. The derivation of the high frequency estimate is given as
follows (for the X -Z plane only).
c c
From Figure 3-5, it can be seen that the rigid-body equation of
motion for angular acceleration of the vehicle in the X -Z plane is
c c
given by the expression
I 6 = F NX, + T6 X (3-6)yy N cp y cg(36
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Figure 3-5. Vehicle schematic for the derivation of the equations
of motion in the Xc- Zc control plane.
A second equation can be written to describe the linear acceleration nor-
mal to the vehicle in the X -Z plane sensed by the IMU accelerometers.
c c
(This acceleration does not include gravity). The following equation for
linear acceleration sensed at the IMU was derived in Appendix D.
FN TS
a -2 O- - +-- (3-7)IMU IMU M M
z
Eliminate FN from Equations (3-6) and (3-7) to find the following ex-
xz
pression for e
= - cp 
-a + c cp) (3-8)
. S. M +I aIMU (+ £ M +I 6 (38IMU cp yy z IMU cp yy y
Let
T(S. + S. )
K T cg cp (3-9)
r S. S M +I1 IMU cp yy
M.
K cp (3-10)
2 IMU cp yy
Then Equation (3-8) can be expressed as
= K 6 -K a (3-11)
ry r2 IMUz
If Equation (3-11) is integrated, the change in B over a control loop
sampling interval is obtained.
t t t
ft n ' dt = K f n 6 dt - K f n a dt (3-12)
tn-1 1 tn-1 Y 2 tn- IMUz
where t is the present flight control system calculation time and t
n n-i
is the preceding calculation time. Approximate the integrals on the
right hand side of Equation (3-12) by the expressions,
t
n 6 dt T 6 (tn) (3-13)
tn-1 c n
t
f n a dt AV (t ) (3-14)
n-1 z
The integral of aIMU shown in Equation (3-14) is the integral
z
of the projection of the acceleration sensed at the IMU onto the Z axis.
c
It should be noted that, in general, the Z axis is rotating with respect
c
to the inertially fixed accelerometer axes. Therefore, the integral of
a is not equivalent to AV which is the integral of the acceleration
IMU -- z
z
vector over the control period resolved along the Z control axis at the
c
end of the period. This distinction can be demonstrated as follows.
The integral of aIM shown in Equation (3-14) can be alter-
z
natively expressed as
t t
t n a (t) dt =f 1 n a (t) e I (t) dt (3-15)tn-i Iztn-i IMU zc
where
a (t) is the acceleration at the IMU (excluding gravity) ex-
IMU
pressed in an inertial coordinate system.
1 (t) is a unit vector along the z axis of the control coordinate
c
system expressed in the same inertial coordinate system.
As mentioned above, AV (t ) is the integral of acceleration over the con-
z n
trol sample period resolved along the Zc axis at the end of the control
period. Therefore,
t
AV (t ) = Z (t n) f n aIM (t) dt (3-16)
Comparing Equations (3-15) and (3-16), it is clear that the two expres-
sions are equivalent only if z (t) is assumed to be fixed with respect
c
to the inertial coordinate system.
Substituting the approximations shown in Equations (3-13) and
(3-14) into Equation (3-12) yields the high frequency estimate for the
change in angular velocity between tn-1 and tn
t4 n
A HIGH(t) = n e dt = K T 6 (t ) - Kr AV (t ) (3-17)HIHn tn1r c y n r2 zn
The high frequency estimate of the angular velocity in the X -Z control
c c
plane can be obtained from the following difference equation
SHIGH(tn) = A HIGH(t) + (t (3-18)
Similarly, for the X -Y control plane
c c
A HIGH(t) = K Tc6 (tn) + K AV (t n) (3-19)
and
*HIGH (tn) = aHIGH (tn) + * HIGH(tn1) (3-20)
(Refer to Figure 3-6)
To obtain an estimate of angular rate which is accurate for all
frequencies, the low frequency estimate is passed through a low-pass
digital filter and the high frequency estimate is passed through a com-
plementary high-pass digital filter. The outputs are combined to produce
the rate estimate. This combination of filters is called a "lagless fil-
ter". The lagless filter is a technique to combine two estimates of a
state of the vehicle where one estimate represents the state well at low
frequencies (referred to hereafter as low frequency estimate) and the
other represents the state well at high frequencies (referred to here-
after as high frequency estimate). The lagless filter method is explain-
ed in Figure 3-7 using the continuous representation for convenience
only. The filter is referred to as lagless because, in the ideal case
when the high and low frequency estimates are exact, the filter acts as a
unity gain. Consequently, no phase lag is introduced by the filter. A
digital filter (expressed in the z transform domain) that approximates a
continuous first order filter may be found by the substitution
2 z - 1 (3-21)
T z + 1
c
as shown in Franklin and Powell(l). The digital equivalent to the lag-
less filter shown in Figure 3-7 is shown in Figure 3-8(a).
(1) Franklin, G.F., and J.D. Powell, Digital Control of Dynamic Systems,
Addison-Wesley Publishing Company, Reading, Mass, 1980, pg. 56.
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Figure 3-6. Vehicle schematic for the derivation of the equations of
motion in the X -Y control plane.
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Figure 3-8(a). Digital lagless filter.
Since
6HIGH(tn) (1 - z = OHIGH(tn) - HIGH(t)n-1 AeHIGH(tn (3-22)
the lagless filter in Figure 3-8(a) can be simplified to the form shown
A.
in Figure 3-8(b). Substituting Equation (3-17) for AH and Equa-
A HIGH
tion (3-4) for 0LO yields the block diagram of the rate estimator shown
in Figure 3-8(c).
3.5 Angle of Attack and Sideslip Estimation
The flight control system feeds back angle of attack and sideslip
angle* to control and stabilize the vehicle. These angles are also
*
It will be assumed that angle of attack and sideslip angle referred
to in the section are the rolled-axes angle of attack and sideslip
angle.
OHIGH (tn)
0LOW (tn)
A6HIGH (tn)
6(tn)
OLOW (tN)
Figure 3-8(b). Alternate form for the digital lagless filter.
O(tn)
Figure 3-8(c). Block diagram of the rate estimator.
used to compute the wind correction terms a and a used for the steering
w w
commands. For this purpose they must be transformed into the unrolled
body coordinate system. The transformation to be used for this purpose
is the inverse of the transformation used in Equation (3-2). Since angle
of attack and sideslip angle are not measured directly, they must be
estimated. The estimates are computed using the same measured parameters
which were used for estimated angular rate. As in the case of the rate
estimator, two estimates are made for each control plane - one estimate
for low frequencies and the other for high frequencies. The two esti-
mates are combined using a lagless filter. The block diagram for the
angle of attack estimator is shown in Figure 3-9(a). It is analogous to
the lagless filter for the rate estimate which was shown in Figure
3-8(a). An equivalent block diagram to the one shown in Figure 3-9(a) is
shown in Figure 3-9(b) with (1 - z 1 ) 'HIGH and ( 2 aLOW as inputs.
It is more convenient to estimate (1 - z 1 ) 'HIGH and ( + a LOW
than and T ( 1 + z )1than aHIGH LOW' 2 (iOW is the average of the low frequency
est'imate calculated at the present and the preceding flight control sys-
tem calculation times. (1 - z 1) 'HIGH is the change in the high fre-
quency estimate between flight control system calculation times. The
sideslip estimator has the same form.
The average of the low frequency estimates is computed as a linear
function of the engine nozzle deflection and the measured change in
velocity over a control sampling interval resolved on the Z axis at the
c
end of the interval. (Note that this function is of the same form as
that used for the high frequency estimate of rate.) The derivation for
the average of the low frequency estimate is given for the X -Z plane
c c
only (that is, angle of attack) as follows:
aHIGH-
aLOW
aHIGH
aLOW
Figure 3-9(a).
-1
aIGH (1- z
'LOW 2
HIGH PASS FILTER
(c)
HIGH FREQUENCY ESTIMATE OF ROLLED-AXES ANGLE OF ATTACK
LOW FREQUENCY ESTIMATE OF ROLLED--AXES ANGLE OF ATTACK-
Digital lagless filter for angle of attack estimation.
2,r 1
) 
---- 2,r+ Tc 
_ 2r 
- Tc z,2r\+2r+Tc,_/
2Tc 1
2r+Tc 1_( 2 2 - Z-1
Figure 3-9(b). Equivalent block diagram for angle of attack estimation
with modified inputs.
Solve Equation (3-7) for F
N
xz
= -MI 
- MaIMU + T8,
z
(3-23)
Solve Equation (3-6) for 9:
- F
yy xz Iyyy
(3-24)
Substitute Equation (3-24) into Equation (3-23) and solve for F
xz
FN
xz
T(I 
- ML C ) MI
I + I M y I + I I M aIMUyy cp IMUyy p IM: (3-25)
The aerodynamic force normal to the vehicle in the X -Z plane,F , is
c cN
xz
proportional to the angle of attack.
= SqCN a c
a
(3-26)
Substituting Equation (3-26) for FN into Equation (3-25) and solving
xz
for angle of attack yields:
1 T(I y - M i IMU)
SqCN I + X i M
N yy cp IMU
1 MI
1 yy a IMUy SqC NaI yy+ it cpI M IMU&N yy cp IMU
(3-27)
a(c)
Le t
K T(Iyy MIcg XIMU) (3-28)
a ~ SqC Na I yy+ X cp2 M M
1a yy cp IMU
_ 1 MI
K = yy (3-29)
a2  SqC I +~ 2. M2 N yy cp IMU
Therefore, Equation (3-27) can be rewritten in terms of K and K .
a1  a2
a = K 6S - K a (-0(c) a1 y a 2 IMU (3-30)
The angle of attack calculated by Equation (3-30) is used as the low fre-
quency estimate. However, the IMU considered in this thesis does not
provide sensed acceleration as an output (i.e., aIMU , aIMU , aIMU
x y z
but rather the integral of sensed acceleration. The data is processed to
yield the change in the integral over a specified control period. The
output, AV, can be transformed into the vehicle control axis system with
components AV , AV , and AV . The problem of obtaining acceleration as
x y z
an input is circumvented by using the average of the present and past
values of the angle of attack estimate accurate at low frequencies (see
Figure 3-9(b)).
(1 + Z-~ aLOW(tn) + aLOW(tn-l
aL W ____________ _____t____________________ (3-31 )
LOW 2 2
Substituting Equation (3-30) into Equation (3-31) yields
A+W1 ( (t + 6 (t n aIMU (tn) + aIMU (tn-1)(1_+_z y n y n-1~ - Kzz
LOW 2 a1  2 a2 2
(3-32)
An approximation to the average of the accelerations sensed at t and
n
tn-1 is the average acceleration sensed over a control sampling interval,
AV /T . Using this approximation, Equation (3-32) may be rewritten
z c
A (1 + z-1)
Low 2
=K y(tn) + 6y (tn-1)
a3 2
Similarly, the average of the low frequency estimates
of sideslip angle is
AO (1 + z ) = -K Z(t n 6z n-1
LOW 2 a1 2
at t and t
n n-i
AV
- K - (3-34)
2 c
For the high frequency estimate of angle of attack, it is convenient to
use the difference of the present and the past values of the high fre-
quency estimate (see Figure 3-9(b)). The quantity used to estimate this
difference is the change in vehicle attitude over a control sample
period:
'HIGH(1 - z~) AD (3-35)
Similarly,
(3-36)$HIGH(1 - z 1 ) -
where AO and A* are the changes in attitude in the X -z and X -Y con-
c c c c
trol planes respectively measured over a control loop sampling interval.
These estimates assume the air-relative velocity vector remains at a con-
stant direction over a flight control system sampling interval. This is
AV
K T z
1 Tc
(3-33)
an approximation since, in general, the air-relative velocity vector
rotates due to thrust, aerodynamic and gravity forces. In addition, any
change in wind speed normal to the air-relative velocity vector produces
an instantaneous change in the direction of the air-relative velocity
vector.
The block diagram of the angle of attack estimator shown in Fig-
ure 3-10 is obtained by substituting Equations (3-35) and (3-33) for
-1 
- (1 + Z- )_a HIGH (1 - z ) and 'Low 2 respectively.
A- 27
2,r+ Tc
1+1 + 1^ac
-1 - 2r+T
S --- K 1 + z_
2
+ 2Tc
+2,r + Tc
-Ka
__z_--- -
2
Figure 3-10. Block diagram of the angle of attack estimator.
CHAPTER 4
FLIGHT CONTROL SYSTEM ANALYSIS AND DESIGN
4.1 Introduction
The flight control system must stabilize the vehicle and control
the angle of attack and sideslip angle. Only the analysis and design of
the angle of attack control loop is presented in this chapter. Since the
vehicle is symmetric, the analysis and design of the angle of attack
control loop is assumed to be applicable to the sideslip control loop
also. The only design requirements are that the linear system satisfy
the following stability criteria:
(1) Open-loop phase margin (initial 0 db crossover): > 30*.
(2) Open-loop gain margin: > 6 db.
(3) First bending mode phase stabilized with phase margin
> 600.
(4) Second and higher bending modes gain stabilized with gain
margins* > 10 db.
The following two assumptions are used in analyzing the stability of the
linear system.
(1) The non-linear actuator is approximated by a second-order
transfer function of the form
*If the flight control system presented in this thesis satisfies cri-
teria 1, 2, and 3, criteria 4 will also be satisfied. Therefore, only
the first bending mode will be included in the frequency response
plots.
2
6 n
2 +? sw26 s + 2Co s + W
c n n
where on = 48 rad/s and C = 0.5.
(2) There is a 10 ms delay in the computation of the nozzle
command from the measured data.
A block diagram of the angle of attack control loop is shown in Fig-
ure 4-1. The stability of the linear system was analyzed using the fre-
quency response technique. The control system parameters were chosen to
satisfy the above stability requirements and to provide acceptable
performance.
The performance of the control system with the angle of attack
error and total nozzle deflection command limiters included was deter-
mined in the actual non-linear environment from a single plane (trajec-
tory plane) simulation that includes the effects of noise and three
bending modes. The aerodynamic non-linearities (for example, CN is a
a
function of angle of attack) were included along with the non-linearity
of the actuator. The actuator approximation used in this simulation was
the second-order transfer function shown above with nozzle rate and posi-
tion limits of 40*/s and 6* respectively. Also included was the mass
variation with time along with the resulting effect on vehicle proper-
ties. Velocity change caused by acceleration was also simulated. The 10
ms computational delay was not included since its small effect did not
warrant the additional simulation cost. This simulation calculates the
exact values of the rate estimator coefficients, K and K and the
r, r2
angle of attack coefficients, K and K from Equations (3-9), (3-10),
a1  a2
(3-28), and (3-29). In an actual implementation, the coefficients would
be computed from functions of measured variables that are based on a nom-
inal trajectory.
FEED FORWARD GAIN TOTAL NOZZLE
DEFLECTION LIMIT
*SAMPLED
t THESE SAMPLES INCLUDE 10 ms DELAY TO ACCOUNT FOR COMPUTATIONAL DELAY
Figure 4-1. A block diagram of the angle of attack control loop.
The compensation and estimation parameters chosen are presented in
Table 4-1. Little effort was expended in "fine-tuning" the compensation
since the purpose of the thesis is not to optimize the design but to
demonstrate the feasibility of angle of attack control. A discussion of
the choice of parameters follows.
Table 4-1. Compensation and estimation constants.
Constant Symbol Values
Angle of Attack 
- 5.60
Error Limit
Rate Estimator Tr 0.23
Time Constant
Rate Feedback Gain Kr
T Computed by interpolating between values at
discrete time points
TimetConstant 
=0 t=5.4 t=9.9 -t=15.3 t>23.8
8 0.8 0.3 0.1 0.06
04<t(<15.3 15.34<t(<36.0 t >36.0
Bending Filter C1 0.4349 0.3763 0.3317
2 C2 -0.2149 -0.1064 -0.02461C1z +C2z+C3 C3 0.3585 0.3087 0.27145
z2 + C4 z + C5 C4 -0.76
C5 0.3388
Feedforward Gain K Computed by interpolating between values at
discrete time periods
t=0 t=15.3 t=23.85 t=3.0 !t=49.98
1.383 1.11 1.32 1 1.26 0.6
t A second-order curvefit is used in the simulations that generate the results shown in this thesis
to describe ra as a function of time. However, using linear interpolation would not significantly
degrade the system performance.
4.2 Limiting
As mentioned in Chapter 3, the total nozzle command is limited to
be not greater than the nozzle position limit. An additional limit is
imposed on the angle of attack error signal so as to improve the tran-
sient response of the control system in the initial launch phase. The
large angle of attack error occuring in this initial period can drive the
nozzle into its position limit, thereby eliminating the stabilizing ef-
fect of rate feedback until the rate signal becomes sufficiently large to
drive the nozzle off of its limit. A limit is imposed on the angle of
attack error signal so as to reduce the rate needed to effect the nozzle
deflection. The angle of attack error limit chosen was 5.60.
4.3 Rate Estimator Time Constant
The rate estimator time constant determines the relative weighting
of the high frequency estimate and the low frequency estimate. At a fre-
quency of 1/T r, where Tr is the time constant of the lagless filter, the
high frequency and the low frequency estimates are weighted equally. At
frequencies greater than 1/T r, the high frequency estimate tends to pre-
dominate. At frequencies less than 1/T r, the low frequency estimate
tends to predominate. The rate estimator time constant is chosen based
on three considerations: (1) the stability of the system, (2) the noise
in the rate estimate, and (3) the steady state error of the estimate.
The effect of the time constant on the stability of the system at
launch is shown by the open-loop frequency response plots for the three
rate estimator time constants of 0.05, 0.23, and 2 seconds. As can be
seen in Figure 4-2, the stability margins are insensitive to the value of
the time constant. The effect of the time constant is essentially the
same at other points on the trajectory. If the low and high frequency
estimates of rate were each an accurate estimate for all frequencies, the
rate estimator would effectively have a unit transfer function and the
value of its time constant would be unimportant. However, there is a lag
(half a control sampling period) in the low frequency estimate and a
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Figure 4-2(a). Open-loop gain vs phase plot of the flight control system
at launch with T = 0.05 seconds.
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Figure 4-2(b). Open-loop gain vs phase plot of the flight
at launch with T = 0.23 seconds.
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Figure 4-2(c). Open-loop gain vs phase plot of
at launch with T = 2 seconds.
r
the flight control system
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small lead in the high frequency estimate which can shift the phase of
the rate estimate at high frequencies (see Figure 4-3). Yet, as can be
seen in Figure 4-2, this phase shift has a small, unimportant change in
the lower gain margin and the first bending mode phase margin.
Since the stability of the system does not dictate a choice of
time constant, the choice was based on the noise and steady state error
in the rate estimate. The effect of time constant on noise and steady
state error in the rate estimate will be shown using simulation results.
Gaussian noise with a standard deviation of 120 arcsecs is superimposed
on the attitude measurements at the flight control system calculation
time. Each attitude measurement is differenced with the previous mea-
surement to produce the change in attitude over a flight control system
interval. In addition to the attitude measurement noise, the IMU accel-
erometer resolver was assumed to have an output Gaussian noise with a
state-of-the-art standard deviation of 64 arcseconds. This resolver
noise produces a corresponding noise in the measured velocity. The noz-
zle deflection measurement is assumed to be perfect. Figure 4-4 shows
that the noise present in the measured change in attitude is the dominant
noise in the rate estimate. Increasing the time constant decreases the
frequency range over which the measured change in attitude (low frequency
estimate) is the dominant component of the rate estimate. As a conse-
quence, noise produced fluctuations in the estimated rate are attenu-
ated. This is verified from the simulation results shown in Figure 4-5
which demonstrate that the noise in the rate estimate decreases with in-
creasing time constant. These results also reveal a steady state error
that increases with the time constant. The steady state error is a con-
sequence of the error introduced into the high frequency estimate of
angular rate by the approximation of the integral of the projection of
acceleration along the Zc axis given in Equation (3-14). Errors in the
rate estimator coefficients K and K , and in the approximation of the
integral of the nozzle deflection (see Equation (3-13)) can also cause a
deterioration of the estimate of rate when the time constant is large.
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Figure 4-3. Phase versus frequency plot of the -p-transfer function.A.
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Rate estimate error for three different time constants.
Based on a trade-off between achieving a satisfactory low level of rate
estimate noise and an acceptable steady state rate estimator error, a
value of T = 0.23 seconds was selected.
r
4.4 Rate Feedback Gain
Rate feedback is required in the flight control system to provide
sufficient phase lead to stabilize the loop. The instability of the
flight control system for the case where rate is not fed back is illus-
trated by the flight control system open-loop gain vs. phase plot shown
in Figure 4-6. A rate feedback gain of 0.27 was selected to satisfy the
30 degree phase margin requirement, for the first 0 dB crossover.
4.5 Angle of Attack Estimator Time Constant
The angle of attack estimator time constant is chosen to produce
as accurate an estimate of angle of attack as possible while satisfying
the control loop stability requirements. As described previously, the
angle of attack estimator passes attitude as a high-frequency estimate
through a high-pass filter and also passes a low-frequency estimate from
accelerometer measurements and the nozzle deflection through a complemen-
tary low-pass filter. These two filter outputs are summed to form the
angle of attack estimate. If the low- and high-frequency estimates were
exact, then the sum of the two filters could be combined and would result
in a unity gain between estimated and true angle of attack (see Fig-
ure 3-7). In this case, the estimate of angle of attack would be exact
for any value of the time constant. In the actual case, however, both
the high- and low-frequency estimates contain errors. Therefore, the
accuracy of the estimate and the effect on the stability of the system
will depend on the value of Ta. From an analysis of the effects of
errors in the low-frequency and high-frequency estimates on the angle of
attack estimate, values of the time constant, Ta, were selected for the
entire trajectory. These values are shown in Table 4-1.
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Figure 4-6. Open-loop gain vs phase plot of
at launch without rate feedback.
the flight control system
4.5.1 Error Sources in High Frequency Estimate of Angle of Attack
The use of attitude as a high frequency estimate of angle of at-
tack does not account for the motion of the air-relative velocity vector.
From Figure 4-7, the correct relationship between angle of attack and
attitude can be seen to be
o = a + ya (4-1)
XNR
Va
ZNR
XNR' ZNR UNROLLED BODY COORDINATE SYSTEM
Va PROJECTION OF THE AIR-RELATIVE VELOCITY
P VECTOR IN THE XNR~ZNR AXIS.
Figure 4-7. Relationship between angle of attack and attitude.
The high frequency estimate of a can, therefore, be written as
aHIGH a (4-2)
To determine the errors in the angle of attack estimate that result from
approximating a by e at high frequencies, it is convenient to examine the
angle of attack as a continuous system. In particular, the high fre-
quency estimate through the high-pass filter is shown in Figure 4-8.
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seion ofthe angl ofatcP etmtr
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A
raCs aH P + aHP
a - C e a s + 1
Figure 4-8. A continuous representation of the high-pass
section of the angle of attack estimator.
e(aHP) is the error in the high-frequency estimate after being passed
through a high-pass filter. This error directly adds to the angle of
attack estimate.
There are two sources of error in the high-frequency estimate:
(1) the air-relative velocity vector is continuously rotating at some
value Y a(t) as the earth-relative velocity vector rotates to follow the
flight path angle trajectory and (2) the direction of the air-relative
velocity vector is altered by wind disturbances. To illustrate the
effect of a constant rotation rate, y, on the angle of attack estimate,
express the flight path angle in Laplace notation as
(S) = - (4-3)
a 2
From Figure 4-8, the error caused by a constant rotation rate of the
air-relative velocity vector is
T Y
e aHP s(T s+1)
a
It can be seen from this expression that the steady state error in the
angle of attack estimate is T Ya'
To determine the angle of attack estimation error that results
from changes in the air-relative velocity vector whenever wind disturb-
ances are encountered, consider a step change in wind velocity which
produces a step change in Y a This step change can be represented by the
Laplace variable
yw
Y (S) = - (4-5)a s
Therefore, for this case
T a w wP T a + 1 s + 1/T (4-6)
The error is exponentially reduced with a time constant of Ta-
To reduce the errors introduced into the angle of attack estimate
by the high-frequency estimate, the time constant Ta should be reduced.
This causes more emphasis to be placed on the low-frequency estimate.
4.5.2 Error Sources in Low Frequency Estimate of Angle of Attack
The low frequency estimate of angle of attack is computed as a
linear combination of the measured nozzle deflection in the Xc - Zc
control plane and the measured acceleration sensed at the IMU along the
Zc axis. From Equation (3-25), the low frequency estimate is
A 1 T(I - M cg IMU) MI
a . 1 yy g IMU 6 - a
LOW SqC~ I +LE M y I +LZ M IMU
Nyy cp IMU yy cp IMU
(4-7)
This estimate is based on the assumption that the quantity aIMU in the
above equation is the sum of the following acceleration terms: z
T
(1) M y
(2) -IMU I g 6
yy
-SqCNa
(3) M a
Linear acceleration produced by the
component of thrust along Z .
c
Tangential acceleration sensed at the
IMU resulting from thrust-produced
angular acceleration.
Linear acceleration produced by the
normal component of aerodynamic
force.
SqC
(4) -Y I a Tangential acceleration sensed at the
yy IMU resulting from angular accelera-
tion produced by the normal aerodyn-
amic force.
Equation (4-7) was derived by equating aIMU with the sum of the four ac-
z
celeration terms listed above and solving for the angle of attack.
One source of estimation error is the inaccuracy of the coef-
ficients that multiply 6 and aIMU . These coefficients are functions
y IM
z
of several parameters, and, therefore, the accuracy of the coefficients
depend on the knowledge of the parameters. In an actual implementation,
these coefficients would have to be computed during the flight as pre-
determined functions of time or a measured quantity (such as velocity).
The functions would be derived based on the variations along a nominal
trajectory of the parameters which determine the coefficients. In addi-
tion to coefficient inaccuracies resulting from functional approxima-
tions, errors will result when the vehicle deviates from the nominal tra-
jectory.
Estimation errors are also produced by "unmodeled" accelerations
(that is, accelerations in addition to the four listed above). The major
source of unmodeled acceleration is bending.
Additional errors in the estimated angle of attack result from the
fact that the IMU accelerometers do not measure the instantaneous accel-
eration, a IMU , but rather the velocity of the IMU in an inertially fixed
z
coordinate system. This velocity is differenced over one control samp-
ling period and transformed into control (body-fixed) axes at the end of
the period. The use of the z-axis component, AV , of this transformed
z
velocity increment vector in the low frequency estimate of angle of
attack involves two approximations that produce errors.
The first of these approximations relates the measured velocity
increment AV (t ) to the instantaneous acceleration values a (t ) and
z
aIMU (t n-1) at the beginning and end of the control sampling period.
This approximation,
AV (tn) aIMU (tn) + aIMU (tn-1)
T 2 (4-8)
c
assumes that the average acceleration which produces AV (t ) is equal to
the mean of the instantaneous accelerations at the beginning and end of
the control period. Expressed in terms of z transforms, this expression
becomes
AV 1 Z 1
T 2 aIMU (4~9)
c z
(1 + z )To use this approximation in estimating angle of attack, 2 aLOW
2 LOW
was estimated instead aLOW. This was accomplished by removing a
(1 + Z) factor from the low-pass filter as shown in Figure 3-9(a) and
2 _32 ~(1 + Z 1)3-9(b). Multiplying Equation (4-7) by yields an expression
12(1 + Z 1)2(Equation (3-32)) which contains 2 -Z a term. AV rc was used
-1 z
to approximate the aIMU term.
The second approximation in the computation of the low frequency
estimate of angle of attack is the assumption that the thrust component
along the body roll axis, X , has no effect on AV . In Chapter 3, it
c Z
was shown that the computed AVz could be expressed by Equation (3-16):
t
Av (t) = I (t ) - ft a IMU(t) dt (4-10)
z n c n n-1iM
In general the thrust acceleration along the vehicle Xc axis during the
sampling interval will have a component along Iz (tn) and therefore will
c
contribute to AV . This effect on AV causes an error in the low fre-
z z
quency estimate of angle of attack which can be neglected for the low
attitude rates usually encountered in boost.
In addition to the errors resulting from approximations, there are
the physical measurement errors which affect the low frequency estimate
of angle of attack. In this thesis, the measurement error in 6 will be
assumed to be small compared to other error sources and therefore negli-
gible. However, the effects of accelerometer noise on AVz will be in-
cluded.
The effect of these errors on the estimate of angle of attack is
much greater during the first few seconds of launch than later in the
trajectory. To illustrate this point, the errors in the low frequency
estimate can be expressed as perturbations about the correct value of
angle of attack. The angle of attack, a, is given by the expression
a = q [K 6 +K a (4-11)
SCn 1y 2I z
a
where 6 and aIMU are the true values of these quantities (it is assumed
that a IMU in this expression does not include the effects of bending).
z
The parameters K and K2 are assumed to be true values of the coeffi-
cients in Equation (4-7). SqCn is assumed to be exact. The low fre-
q a
quency estimate of a can be expressed as follows:
a
'Low
=a + e(a) (4-12)
where e(a) contains all the sources of error discussed above.
The error term can be expressed as perturbations about the true
angle of attack:
e(a) + a e(aIMU) +awe(K) + e(K2y IMU z 12
(4-13)n a
a
Therefore,
e(a) = n [Kle(6 ) + K2e(aIMU ) + 6 e(Kl) + aIMU e(K2
SCn y 2I z ) yz 2)
- 1 )2 [K1 y + K2 aIMUI e(SqCn(SqC n z a
Substitute SqC n a for (K16 Sy + K 2 aIMU_),' then
(4-14)
e(a) = (- K e(6 ) + K2 e(aIMU ) + 6 e(K 1 ) + aIMU e(K2)n z z
- ae(SqC )} (4-15)
A plot of dynamic pressure (normalized to its maximum value) vs. time is
shown in Figure 4-9. It can be seen from the plot that the range of
values of q is large. The value of q increases to several orders of
magnitude from its value at launch. The other parameter and error terms
in the above expression vary over a much narrower range. Therefore e(a)
is significantly larger during the first few seconds of launch than
during the remainder of the trajectory. To show that the error in the
low frequency estimate is much greater at launch than, for example, at
the time of maximum dynamic pressure, simulation runs were made for both
cases using the single plane simulation under nominal (no-wind) condi-
[1 + z ) "tions. The error in a for these two runs is plotted in
2 LOW
Figure 4-10.
The large errors in the low frequency estimate during the initial
launch phase make it necessary to employ a large time constant in the
angle of attack estimator to de-emphasize the low frequency estimate.
From a stability analysis of the system, the value of the time constant
at launch was chosen to be 8 seconds. An open-loop gain vs. phase plot
for the flight control system at launch using this time constant is shown
in Figure 4-11. The open-loop gain vs. phase plot for the flight control
system at launch with a time constant of 1 second (Figure 4-12) shows
that decreasing the time constant (and therefore increasing the emphasis
on the low frequency estimate) destabilizes the system. (The flight
control system could be stabilized for a time constant of 1 second by
increasing the rate feedback gain and decreasing the feedforward gain.
However, the resulting system would be unacceptably slow.)
Later in boost, the errors in the low frequency estimate are re-
duced because of increased dynamic pressure. The reduction in error al-
lows the time constant to be decreased, placing a greater emphasis on the
low frequency estimate. This is desirable since it also reduces the er-
rors in the angle of attack estimate caused by the high frequency esti-
mate (see Section 4.5.1). The open-loop gain vs. phase plot of the
flight control system at the maximum dynamic pressure flight conditions
(Figure 4-13) shows the system is stable with a time constant of 0.06
seconds.
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TIME(s)
Figure 4-9. Normalized dynamic pressure (q/q ) vs. time.
-J a) launch
-t-- --+---- -i -1 -.-
b) maximum dynamic pressure region
Figure 4-10. Low frequency angle of attack estimation error.
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Figure 4-11. Open-loop gain vs phase plot of the flight control system
at launch with an angle of attack time constant of 8 seconds.
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Figure 4-12. Open-loop gain vs phase plot of the flight control system
at launch with an angle of attack time constant of 1 second.
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Figure 4-13. Open-loop gain vs phase plot of the flight control system
at maximum dynamic pressure (T = 0.06 seconds).
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B e n d i n g  F i l t e r  a n d  
F o r w a r d  L o o p  G a i n
A  d i g i t a l  c o m p e n s a t i o n  f i l t e r  i s  r e q u i r e d  t o  a t t e n u a t e  t h e  e f f e c t s
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t o  a s  a  " b e n d i n g  f i l t e r " .  
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T h e  d a m p i n g  r a t i o  a n d  n a t u r a l  f r e q u e n c y
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b e n d i n g
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Figure 4-14. Open-loop
at launch
vehicle.
gain vs phase plot of the flight control system
without the bending filter assuming a rigid body
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Open-loop gain vs phase plot of the flight control system
at launch without a bending filter.
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Figure 4-16. Open-loop gain vs phase plot of the flight control system
at the nominal flight condition 5 seconds after launch.
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Figure 4-17. Open-loop gain vs phase plot of the flight control system
at the nominal flight condition 10 seconds after launch.
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Figure 4-18. Open-loop gain vs phase plot of the flight control system
at the nominal flight condition 15 seconds after launch.
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Open-loop gain vs phase plot of the flight control system
at the nominal flight condition 24 seconds after launch.
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Figure 4-20.
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Open-loop gain vs phase plot of the flight control system at
the nominal flight condition 46 seconds after launch.
4.7 The Effect of Integral Control on Control System Stability
The flight control system as designed has a significant steady-
state angle of attack error. This error is equivalent to an error in the
desired rotation rate of the velocity vector. To investigate the effect
of flight control system steady-state error on steering loop performance,
integral compensation was added to the angle of attack and sideslip angle
errors to reduce these errors essentially to zero. The integral plus
proportional compensation chosen was
eout 1.0045 (z - 0.991)
e. z-1in
This integral plus proportional compensation only has a slight effect on
the stability of the system. Figure 4-21 shows the open-loop gain vs.
phase plot of the system with this compensation for the nominal flight
condition at 24 seconds after launch. (The corresponding plot without
this compensation is given in Figure 4-19). The phase margin is only
0.90 below the required open-loop phase margin, and the gain margins are
satisfactory. The bending mode phase margin is also satisfied. A com-
parison of vehicle performance with and without integral compensation
will be shown in the simulation results in Chapter 6.
Q0
$m = 69*GM = 6.6 dB
CL 8ra/ 1.2 rad/s
00
$m= 29.1*0
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Figure 4-21. Open-loop gain vs phase plot of the flight control system with
integral plus proportional control at the nominal condition
24 seconds after launch.
CHAPTER FIVE
STEERING LOOP ANALYSIS AND DESIGN
5.1 Introduction
The steering loop is designed to command the vehicle to follow the
desired trajectory without causing excessive loads on the vehicle. This
objective is achieved by feeding back the actual velocity direction and
by limiting the sideslip angle and angle of attack commands to the flight
control loop. As described in Chapter 2, separate flight control system
commands are generated by the in-the-trajectory-plane and the out-of-the-
trajectory-plane steering loops. For each of the two steering loops, the
trajectory errors are responded to by commanding a closed-loop rotation
rate proportional to the velocity direction error. If there is no
limiting of the sideslip and angle of attack commands, the proportional-
ity constant (which will be referred to as the velocity direction error
feedback gain) determines the speed of response of the steering loop to a
velocity direction error. The trajectory has been chosen such that,
under nominal conditions, the vehicle can steer to it without encounter-
ing excessive loads. In the presence of a large wind disturbance, how-
ever, the loads on the vehicle may become unacceptable. This can occur
because the wind disturbance may cause large changes in angle of attack
and sideslip angle before the flight control system can respond to reduce
these angles significantly. Therefore, sufficient limiting must be im-
posed on the sideslip angle and angle of attack commands so that large
increases in sideslip angle and angle of attack caused by wind distur-
bances will not result in unacceptable loads. However, limiting of the
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commands will cause the vehicle to drift off the trajectory. Therefore,
a trade-off must be made between minimizing trajectory errors and
avoiding excessive loading.
5.2 Velocity Direction Error Feedback Gain
The effect of the velocity direction error feedback gain, K1, on
stability of the combined steering and flight control system was investi-
gated using a continuous approximation of the high sampling rate control
loop. This simplication allows the combined steering and control loops
to be treated as a single sampling rate problem. The treatment of the
control loop as continuous is possible because it is sampled at a much
higher rate (once per 30 ms vs. once per 450 ms) than the steering loop.
The analysis was simplified further by neglecting the effect of the a
w
feedback on the stability of the steering loop. This analysis was done
for three trajectory times: launch, 15 seconds after launch, 36 seconds
after launch (maximum dynamic pressure).
To perform this analysis, the roll angle was assumed to be zero so
that the angle of attack command produced by the in-the-trajectory-plane
steering loop could be applied directly to the angle of attack control
loop (i.e., no roll transformation is necessary). The resulting in-the-
trajectory-plane steering loop is shown in Figure 5-1. To analyze the
system, the discrete L- transfer function must be determined for the
a
c
450 ms sampling period at which the flight path angle, y, and commanded
angle of attack, a , are computed. The procedure for computing this
c
transfer function involves first computing this transfer function for the
flight control sampling period of 30 ms, then approximating the transfer
function as a continuous Laplace transform transfer function. Finally,
adding the effects of a zero-order hold to account for a being held con-C
stant over each 450 ms interval, the 450 ms z-transform is taken of the
approximate continuous transfer function.
y (z)The steps of the procedure for determining an approximate a(z)
a (z)
for the 450 ms sampling period are as follows: c
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IN-THE-TRAJECTORY-PLANE CONTINUOUS APPROXIMATION
VELOCITY DIRECTION ERROR TO THE FLIGHT CONTROL SYSTEM
7dn CLOSED-LOOP ay(s)
P n K K2  ZOH -PRESENT Ts ads)
DESIRED
FLIGHT PATH
ANGLE *s
Ts IS THE STEERING LOOP SAMPLING PERIOD
Figure 5-1. Block diagram of the simplified system used to
analyze the stability of the steering loop
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6 (z)
(1) Determine the c z closed-loop transfer function of thea(z)
c
of attack control loop for the 30 ms sampling period by
using appropriate block diagram algebra on Figure 4-1.
6(z)
(2) Compute 6 (z) for the 30 ms sampling period. This trans-
c
fer function includes the zero-order hold and actuator
transfer function.
(3) Obtain the z-transform of the continuous Y(s) transfer6(s)
function at the 30 ms control loop sampling period.
Y(z) JY(s)I
6(z) 6(s) J
y (z)(4) Compute the a (z) transfer function by taking the producta (z)
6 (z) c
c 6(z)of the a (z) closed-loop transfer function, 6 (z) trans-
c Y(z) cfer function, and the ( transfer function.
y(z) (2)(5) Transform a(z) into the w-domain :
a_ (z)J
c
Y(w) Y(z) T
a (w) a (z) cc c 1 +-w
z =Z ~T
1 C w
where Tc is the 30 ms sampling period of the flight control
system.
(2) Franklin, G.F., and J.D. Powell, Digital Control of Dynamic Systems,
Addison-Wesley Publishing Company, Reading, Mass, 1980, pg. 114.
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y(W)(6) Determine a w-domain transfer function , that approxi-
mae teY(w) Cmates the transfer function at low frequencies by
c
neglecting high frequency poles and zeroes.
(7) A continuous approximation of the closed-loop flight con-
trol system response is obtained by the substitution of s
for w:
Y(s) Y(w)
a (S) a (w) I
c c W=s
(w can be approximated by s for frequencies less than one
quarter of the sampling frequency.)
(8) Adding a zero-order hold based on the steering loop samp-
ling period, T s, to the continuous transfer function
Y(s) Y(z)
a (, compute Y for the 450 ms sampling period:
C c
-sT
Y(z) e s (s)
c c
(9) Finally, compute the w transform transfer function Y
for the 450 ms sampling period: C
Y(w) Y(z) T
ac(w) ac(w) 1 + -Wc c2
- T
1 - w
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The effect of K1 on the closed-loop poles and, therefore, stability can
be determined from the root locus of the simplified system using the
y(w)
approximate transfer function, ,(w) The root loci for the three time-
c
points examined are shown in Figures 5-2, 5-3, and 5-4.
The choice of the velocity direction error feedback gain at three
trajectory timepoints (5, 15, and 36 seconds after launch) was based on
transient response results from simulation runs. These runs were made
for the case of no winds and no angle of attack command limiting. From
these runs, the response to an initial trajectory error for a variety of
velocity direction error feedback gains was determined. The gain was
chosen so that the response time was approximately 3 seconds (see Figure
5-5). The gains for the rest of the trajectory were chosen to be on a
straight line connecting these points (see Figure 5-6). The closed-loop
poles that correspond to the gains chosen at launch, 15 seconds, and 36
seconds are indicated on the root loci. The simplified system is stable
for the 15 and 36 seconds after launch cases. The simplified system at
launch has a small pole in the right half plane (0.044). However, the
launch root locus is not a good indication of stability during the ini-
tial launch period as the vehicle dynamics change rapidly during this
period.
5.3 Sideslip Angle and Angle of Attack Command Limit
The purpose of the steering loop command limit is to limit the
possible loads on the vehicle while maintaining acceptable trajectory
dispersions. In this thesis, the product of dynamic pressure and the
total angle of attack (the square root of the sum of the squares of angle
of attack and sideslip angle) is used as an appropriate measure of the
load on the vehicle. A heuristic justification follows.
The load on the vehicle is the result of the components of both
the aerodynamic force and thrust normal to the vehicle. The total aero-
dynamic force normal to the vehicle is proportional to qa (q is the
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Figure 5-2. Root locus of the simplified steering loop at launch.
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Figure 5-3. Root locus of the simplified steering loop at the
nominal flight condition 15 seconds after launch.
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Figure 5-4. Root locus of the simplified steering loop at
36 seconds after launch.
a) Initial condition error at 5.4 s after launch with constant k = 0.575
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b) Initial condition error at 15.3 s after launch with constant k = 0.45
36.15 36.80 37.45 38.10 38.75
TIME (SEC)
39.40 140.05 '1.70 411.35 42.00
c) Initial condition error at 35.8 s after launch with constant kg = 0.4
Figure 5-5. Steering loop response to an initial condition error
with no angle of attack command limiting and no winds.
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dynamic pressure and aT is the total angle of attack). Since, on the
average, the nozzle is deflected such that the thrust torque is equal in
magnitude and opposite in sense to the torque caused by the aerodynamic
force, the thrust force normal to the vehicle is itself proportional to
gaT . Therefore, the net loading from both the normal aerodynamic force
and the thrust force component normal to the vehicle can, under steady
state conditions, be considered proportional to gaT.
0 10 20 30 40
TIME (s)
Figure 5-6. Velocity direction error feedback gain.
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The load quantity qaT is equal to 0.5 pV 2aT where p is the air
density and V is the magnitude of the air-relative velocity. Theoreti-
cally, qa , could be controlled by controlling any one of the quantities
p, V or aT. However, air density is a function of altitude and can be
changed significantly only by a large deviation from the nominal trajec-
tory. Similarly, no significant perturbation in the nominal velocity, V,
can be achieved since thrust is constant. Therefore, the only effective
means of controlling gaT is to control aT As discussed in the intro-
duction to this chapter, limiting the sideslip angle and angle of attack
commands may be necessary to maintain the load on the vehicle to accept-
able levels. To investigate the effect of the total angle of attack
limit on the system, a variable limit, aT limit, on commanded a was de-
signed to reduce loads without causing significant additional velocity
direction errors. The total angle of attack command limit chosen can be
computed by linearly interpolating between discrete timepoints shown in
Table 5-1. When the total angle of attack command is greater than the
total angle of attack command limit, the sideslip angle and angle of
attack commands are limited as follows:
T aT
_limit 
limit
a = a S =
c 2 2 c c 2 2 c
a + 0 a +
c c c c
The simulation results of the system response to wind disturbances with
and without the total angle of attack command limit are shown in the next
chapter (Chapter 6).
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Table 5-1. Total angle of attack command limit.
Time From Launch (s)
0
16.65
24.3
33.75
>40.05
aTlimit (degrees)
20.0
5.00
1.08
0.96
1.20
* The value of aT mit at intermediate timepoints
is computed using linear interpolation.
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CHAPTER 6
SIMULATION RESULTS
6.1 Introduction
To determine system performance, the steering and flight control
system was simulated using the six degree of freedom equations of motion
of the rigid body vehicle. Vehicle bending was not incorporated into the
simulation because of unacceptably high simulation cost. It has been de-
termined using the single plane simulation that bending has only a small
effect on system performance when the flight control system satisfies the
stability requirements. Each of the two nozzle actuators had the same
second-order transfer function as presented in Chapter 4 for the single
plane simulation. The rates and positions of the actuators are limited
so that the total nozzle rate and position are not greater than 400 /s and
60, respectively. Non-linear aerodynamics and the variation of the ve-
hicle properties with mass are also included in the simulation. Noise is
superimposed on the measurements. The 10 ms computational delay was not
included because of the additional simulation cost that would be in-
curred. As would be required by an actual implementation, the rate esti-
mator coefficients (Kr1 and Kr2 ), the angle of attack estimator coeffi-
cients (Kal and Ka2), and the steering loop coefficients (K2 , K3 , and K4 )
fitted to functions of measured velocity using data from a nominal
trajectory.
A variety of wind profiles was used to test the system response to
wind disturbances. The maximum wind speed occurs at a different altitude
for each of the profiles. A wind profile with the peak wind speed at
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30,000 ft is shown in Figure 6-1. The wind is assumed to be blowing
horizontally with the wind direction constant. Both the wind direction
(i.e., headwind, tailwind, or crosswind) and the altitude at which the
peak wind occurs were varied to determine the wind profile that caused
the largest loads.
Table 6-1 lists the various simulation runs used to evaluate the
performance of the system. Plotted results from these runs are shown in
Figures 6-2 through 6-22. The variables plotted are listed in Table 6-2.
The terminal position and velocity errors and the maximum value of the
normalized qaT for each of the runs are tabulated in Table 6-3. The
first 10 seconds of runs 1, 2, 3, and 13 are plotted in Figures 6-2
through 6-5. These plots show the effect of poor angle of attack estima-
tion at launch on the system performance. In the subsequent figures, the
first ten seconds of launch is not plotted. This is to avoid changing
the plot scales at 10 seconds so that the much smaller errors that exist
through the rest of the trajectory may be seen more clearly. Run 1 is a
nominal no-wind run with total angle of attack command limiting. The re-
maining runs include the effects of winds. Runs 2 and 3 are for the sys-
tem with no total angle of attack command limit. In runs 4 through 9,
the total angle of attack command limit is included in the system simula-
tion. From these results, the effect of the total angle of attack com-
mand limit on gaT and the final trajectory errors can be determined.
Runs 10 and 11 were made to examine the effect of roll on the system per-
formance. In these runs, the vehicle was accelerated during the initial
30 seconds to a roll rate of 30*/s; the roll rate was held at this value
for the duration of the first stage flight. To examine the need for the
wind correction term, aw, in following the desired trajectory, runs 12
and 13 were made for the system without aw and with no angle of attack
command limiting. To examine the effect of steady state error of the
flight control system on trajectory performance, integral compensation is
added to the flight control system for runs 14 and 15.
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Figure 6-1. Wind profile with peak wind speed at 30,000 feet.
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Table 6-1. Simulation runs used to evaluate system performance.
Wind
Run # Direction
1 no wind
2 tailwind
3 crosswind
4 tailwind
5 crosswind
6 tailwind
7 crosswind
8 tailwind
9 crosswind
10 crosswind
11 crosswind
12 tailwind
13 crosswind
14 tailwind
15 crosswind
Peak Wind
and Speed
at Altitude
30,000
30,000
20,000
20,000
30,000
30,000
40,000
40,000
30,000
30,000
30,000
30,000
30,000
30,000
Angle of
Attack
Command Limit
Yes
No
No
Yes
Yes
Yes
Yes
Yes
Yes
No
Yes
No
No
No
No
ac
Feedback
Yes
Yes
Yes
Yes
Yes
Yes
Yes
Yes
Yes
Yes
Yes
No
No
Yes
Yes
Roll Integration
No
No
No
No
No
No
No
No
No
Yes
Yes
No
No
No
No
No
No
No
No
No
No
Np
No
No
No
No
No
No
Yes
Yes
* Plots shown in figure are for the first ten seconds of flight.
Figure #
6-2*
6-6
6-3*6-7
6-4*
6-8
6-9
6-10
6-11
6-12
6-136-14
6-15
6-16
6-17
6-5*
16-18
6-19
6-20
Description of plot labels.
IN PLANE ERR
OUT PLANE ERR
ALPHA CMD
BETA CMD
ALPHA
BETA
ALPHA EST ERR
BETA EST ERR
THETADOT EST ERR
PSI DOT EST ERR
QALPHA (NORM)
velocity direction error* in the
trajectory plane
velocity direction error out of the
trajectory plane
angle of attack command
sideslip angle command
angle of attack (relative to unrolled
body coordinate system)
sideslip angle (relative to unrolled
body coordinate system)
rolled-axes angle of attack
estimation error
rolled-axes sideslip angle
estimation error
estimation error of the attitude
rate in the X -Z plane
c c
estimation error of the attitude
rate in the X -Y plane
c c
normalized qac. qa is normalized
by the maximum ga encountered in
the 15 runs. This maximum value
occurred in run 10.
*The sign convention used in this thesis is the desired or true
value minus the actual value.
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Table 6-2.
NO WINO, RLPHR CMO LIMIT, RLPHRW FOBK
LU6
z
-j
1.00 2.00 3.00 4.OD 5.00
TIME (SEC)
0.00 1.00 2.00 3.00 4.00 5.00
TIME (SEC)
6.00 7.00 8.00 9.00 1
6.00 7.00 B.00 9.00 10.00
Figure 6-2(a). Initial ten seconds of simulation run No. 1.
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1-1
NO WIND. ALPHA CMD LIMIT, ALPHRW FDBK
3
Io
JI
1.00 2.00 3.00 4.00 s.00
TIME (SEC)
1.00 2.00 3.00 4.00 5.00
TIME (SEC)
1.00 2.00 3.00 4.00 5.00
TIME (SEC)
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Figure 6-21. Attitude rate estimation errors from
simulations 1, 2, 3, and 10.
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Table 6-3. Final position and velocity errors and maximum ga of the simulation runs.
FINAL(2) FINAL VELOCITY
FINAL POSITION ERRORS(') (ft) VELOCITY DIRECTION ERRORS
RUN # MAGNITUDE (degrees) qaT/(qaT) REF( 3 )
Ax Ay Az ERROR AYout-of-plane AYin-plane
AIVEI (ft/s)
1 - - - - -0.001 0.013 0.1612
2 -303.5 0.2 94.5 -12.88 -0.000 0.037 0.8522
3 -2.0 -201.0 2.2 -0.1 -0.037 0.013 0.9769
4 -220.0 0.26 97.3 -9.31 -0.001 0.033 0.5348
5 3.5 -145.5 -1.1 0.16 -0.031 0.013 0.6147
6 -33.7 0.26 319.3 -10.38 -0.001 -0.041 0.6574
7 22.5 -146.64 14.4 0.35 -0.037 -0.012 0.8097
8 -208.4 0.1 130.90 -11.0 0.000 0.039 0.5182
9 10.1 -150.6 6.6 0.27 -0.039 0.013 0.6471
10 8.2 -217.7 7.5 -0.01 -0.039 0.011 1
11 32.5 -171.06 20.0 0.42 -0.038 0.012 0.8384
12 343.9 -1.1 175.1 -4.84 -0.001 -0.037 0.6923
13 149.8 400.33 -57.3 2.8 0.079 0.014 0.7522
14 -181.0 0.66 178.5 -11.73 0.000 0.004 0.8205
15 -8.0 -4.72 -1.4 0.17 0.01 0.003 0.9173
(1) Position was defined relative to an earth-fixed coordinate system with the x-z plane coincident with the
trajectory plane. The position error for each run is computed by subtracting the position at the end of
the run from the position at the end of Run No. 1. Run No. 1 is considered to be the nominal run.
(2) Similarly, the velocity magnitude error for each run is computed by subtracting the velocity magnitude
at the end of the run from the velocity magnitude at the end of Run No. 1.
(3) (qa-) REF is the maximum value of qaT encountered in the 15 runs. This maximum value occurred in
Run No. 10.
6.2 Discussion of Results
During the first seven seconds of launch, the angle of attack
estimation error is always large (for example, see Figures 6-2 through
6-5). With this large estimation error, the flight control system fol-
lows only approximately the steering loop command. In the absence of
steering loop corrections this would result in significant trajectory
errors. The launch results shown in Figure 6-5 indicate, for the veloc-
ity direction error gain chosen in this thesis and no a feedback, the
w
steering loop responds slowly to the trajectory errors at launch. When
a feedback is included, however, much smaller errors result. (This is
w
shown in Figures 6-2 through 6-4.) This improvement can be understood by
recalling the definition of a . a is the difference between the meas-
w w
ured angle of attack with respect to earth-relative velocity and the es-
timated angle of attack. The quantity a , therefore reflects both the
estimation error in angle of attack and the component of angle of attack
produced by winds. Since a is multiplied by a gain less than 1 and
added to the steering loop command, it partially corrects for estimation
error.
The results of runs 2 and 3 shown in Figures 6-7 and 6-8 demon-
strate that the system without total angle of attack command limiting is
able to follow a desired trajectory resulting in neglible position and
velocity errors even in the presence of wind disturbances. These errors
are shown in Table 6-3. From the comparison of run 2 with run 6, run 3
with run 7, and run 10 with run 11, it can be seen for the 30,000 feet
cases that the addition of total angle of attack command limiting re-
duces the maximum qaT (from the values encountered in the corresponding
no limit runs) by at least 15%. This reduction was also achieved with
neglible position and velocity errors. In the runs where peak winds
occurred at 20,000 and 40,000 feet (runs 4, 5, 8 and 9) there was only a
small reduction in the maximum value of ga . This is true because a
larger value of a was chosen for these altitudes than for the
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30,000 feet case. Since the maximum values of qaT for the 20,000 feet
and 40,000 feet cases are significantly smaller than for the 30,000 feet
case, the al could have been increased that no limiting occurred.
imit
The disadvantage of unnecessary limiting is that trajectory deviations
occur when load relief is not needed.
The angle of attack command limiter reduces the maximum value of
gaT by 17% for the case of a crosswind at 30,000 feet and no vehicle
roll. This can be seen in Table 6-3 by comparing runs 3 and 7. The cor-
responding reduction in qaT for the tailwind case (runs 2 and 6) is 23%.
It would be desirable to obtain a larger reduction in gaT for the cross-
wind case than for the tailwind case. The reason for this is that a
crosswind (which is perpendicular to the vehicle velocity vector) pro-
duces a larger change in angle of attack, and therefore qaT, than a tail-
wind. In order to achieve a larger reduction in ga for the crosswind
case, it would be necessary to change the form of the angle of attack
command limit. In Section 5.3, it can be seen that the sideslip angle
and angle of attack commands are limited proportionately. An alternate
limiter could be designed to produce a greater reduction in the sideslip
angle command.
The effect of roll rate on system performance is illustrated by
comparing run 10 with run 3 and run 11 with run 7. The results indicate
that a 30*/s roll rate does not significantly alter system performance.
The effect of a (and corresponding 0 ) feedback on system per-
w w
formance can be seen by comparing runs 12 and 2 and runs 13 and 3. These
results reveal that the feedback does not significantly improve the
performance of the system except at launch. The velocity errors at the
end of the first stage for the tailwind run without a feedback (run 12)
were about the same as for the tailwind run with a feedback (run 2).
The out-of plane terminal velocity direction error was slightly larger in
the crosswind run with no a feedback (run 13) than for the crosswind run
w
with a feedback (run 3). In both the runs without a feedback, the maxi-
w w
mum ga was significantly reduced. The reason that aw feedback in the
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steering loop may cause increased loads on the vehicle is that it modi-
fies the angle of attack command to follow the trajectory in the presence
of wind disturbances. In the case of tailwinds and crosswinds, the mag-
nitude of angle of attack command is increased by aw feedback. Conse-
quently, the load on the vehicle is increased. If aw feedback is not
used, the steering loop will respond more slowly than in the aw feed-
back case. In the case of a wind spike (a sharp increase in wind speed
followed by a sharp decrease), it may be preferable to have no aw feed-
back so that the vehicle can deviate from the trajectory in a manner to
reduce loads.
While additional compensation to improve system'performance is un-
necessary, integration of the angle of attack error was included in the
last two runs to determine if the substantial reduction in the steady
state error resulting from integration will improve system performance.
The results show that the already small velocity direction errors were
reduced throughout the flight as compared with corresponding runs without
integration (runs 2 and 3). The maximum ga was reduced slightly with
integration. In the crosswind run, the terminal errors were almost
driven to zero. In the tailwind run, the terminal position and velocity
magnitude errors were slightly reduced and the velocity direction errors
were almost zero. However, all the improvements from adding integration
were small, and since the system performs well withouit integration, the
addition of integration is not justified.
The attitude rate estimation errors for runs 1, 2, 3 and 10 are
shown in Figure 6-21. These results show that an accurate estimate of
rate was achieved. The 30*/s roll rate in run 10 slightly degraded the
accuracy of the rate estimate.
The angle of attack and sideslip angle estimation errors for runs
1, 2, 3 and 10 are shown in Figure 6-22. These results demonstrate that
an accurate estimate of these angles is possible after the first ten
seconds of launch. There is a small lag, however, in estimating an angle
of attack change caused by wind disturbance. The 30'/s roll rate in run
10 had an insignificant effect on the sideslip angle estimation.
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CHAPTER 7
CONCLUSIONS AND RECOMMENDATIONS
7.1 Conclusions
(1) This investigation has shown that a new approach to the de-
sign of the steering, control, and load relief system for a
launch vehicle first stage based on control of the direc-
tion of the vehicle velocity vector results in satisfactory
performance. In this system, the steering loop generates
an angle of attack command to the flight control system to
achieve the desired velocity direction trajectory. The
flight control system controls angle of attack thereby pro-
ducing an acceleration normal to the velocity vector which
allows the velocity direction profile to be followed.
(2) Since angle of attack is controlled, and it is directly
proportional to the load on the vehicle, a separate load
relief system in not needed to reduce the loads.
(3) In typical launch conditions, it was demonstrated that the
system was able to follow the specified flight path angle
trajectory with a resulting maximum terminal velocity
direction error of 0.041 degrees. The final position
errors were also neglible. This was found to be true both
with and without winds disturbances.
(4) Load relief was achieved by the combined effect of the
steering system limiting its command to the flight control
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system (the command is angle of attack which is propor-
tional to aerodynamic normal force) and the flight control
system responding to reduce the large angle of attack ex-
cursions produced by wind disturbances. For the case that
produces the largest loading without angle of attack com-
mand limiting (crosswind with peak wind at 30,000 feet) a
16% reduction in qait was obtained by the use of the angle
of attack command limiter designed for this thesis.
(5) Improved load relief performance can be achieved by elimi-
nating the aw feedback in the steering loop. When this
feedback was removed, it was found that no significant in-
crease in terminal position and velocity errors resulted.
(6) A lagless (complementary) filter approach results in a
satisfactory angle of attack estimation using accelerometer
(normal force) measurements and nozzle deflections for low
frequency information and attitude measurements for high
frequency information. The time constant of the filter
must be varied with velocity or time to achieve adequate
stability margins.
(7) To implement this system for a constant thrust symmetrical
vehicle, seven coefficients must be fitted as functions of
measured quantities using data from a nominal trajectory.
If the aw feedback is eliminated, only six coefficients
must be fitted.
7.2 Recommendations for Future Studies
(1) The steering loop was developed assuming an earth-fixed
trajectory plane. The computation of commands to the
flight control system should be modified to account for the
earth's rotation.
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(2) The a feedback term in the steering loop should be elim-
inated. Some modification of the velocity direction error
feedback gain may be required at launch to compensate for
the removal of this term.
(3) Since the attitude rate and angle of attack estimations
have a similar form, the possibility of combining the two
feedback paths into one should be investigated. This will
allow a reduction in the number of coefficients that must
be curve fitted and stored.
(4) The effects of uncertainties in vehicle and aerodynamic
properties on the angle of attack estimation should be in-
vestigated.
(5) An alternative technique should be developed for the angle
of attack command limiting that would achieve better load
relief in response to crosswinds.
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APPENDIX A
VELOCITY VECTOR ROTATION RATE COMMAND
The description of the rotation rate command of the earth-relative
velocity vector of the vehicle presented in Chapter 2 assumed the velo-
city vector remained in the trajectory plane. The rotation rate command
developed in this appendix is for the general case of the velocity vec-
tor with an out-of-plane component.
Three coordinate systems are used in deriving the rotation rate
command of the vehicle velocity vector. The earth-fixed coordinate
system, shown in Figure A-1, is defined with x and z axes in the trajec-
tory plane and the x and y axes in the local horizontal plane of the
earth. The desired velocity direction coordinate system, shown in Fig-
ure A-2, is defined relative to the earth-fixed coordinate system by a
yd rotation about the YE axis. yd is the desired flight path angle at
n n
a particular steering calculation time which is determined from the
curve fit of flight path angle. Hence, the x axis of the desired veloc-
ity coordinate system defines the desired velocity direction at that
steering calculation time. The velocity coordinate system is defined by
rotating the desired velocity system through consecutive y- and z-axis
rotations (n and v) such that the x axis of the velocity system is coin-
cident with the velocity vector (see Figure A-3). These coordinate
systems will be used to develop the rotation rate command of the vehicle
velocity vector with respect to the earth-fixed coordinate system.
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HORIZONTAL PLANE OF THE EARTH
. .... . 0 . X E
E
TRAJECTORY PLANE
ZE
Figure A-1. Definition of the earth-fixed coordinate system.
Since the equations of motion are derived in and expressed relative to
the velocity coordinate system (see Appendix B), the rate command will
be transformed into the velocity coordinate system.
The commanded rotation rate of the velocity vector is made up of
An onan-lonn and a closed-loop component. The open-loop component is
thp average rotation rate necessary to rotate the velocity vector from
the present desired flight path angle (yd ) to the desired flight path
n
angle at the next steering calculation (y dn+1). In the desired velocity
direction coordinate system, the open-loop component is expressed as
0
+ y d d
open-loop component = i T n (A-i)
0
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XVd
XE
7dn
~E' Vd
ZVd
ZE
XE, YE, ZE EARTH-FIXED COORDINATE SYSTEM
XVd d, ZVd DESIRED VELOCITY DIRECTION COORDINATE 
SYSTEM
7dn IS THE DESIRED FLIGHT PATH ANGLE AT THE PRESENT STEERING CALCULATION
Figure A-2. Definition of the desired velocity direction coordinate
system.
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XE, YE, ZE
XVd' 
, ZVd
X ', Y , Z'
XV' YV, ZV
VE
EARTH-FIXED COORDINATE SYSTEM
DESIRED VELOCITY DIRECTION COORDINATE SYSTEM
INTERMEDIATE COORDINATE SYSTEM
VELOCITY COORDINATE SYSTEM
EARTH-RELATIVE VELOCITY VECTOR
VEXV 4 x
YE, YVd Y
YV
z,ZV
ZVd
THE ORIENTATION OF THE VELOCITY COORDINATE SYSTEM RELATIVE TO THE DESIRED
VELOCITY DIRECTION COORDINATE SYSTEM IS DESCRIBED BY TWO SUCCESSIVE ROTATIONS:
(1) A POSITIVE 77 ROTATION ABOUT THE YVd AXIS
(2) A POSITIVE v ROTATION ABOUT THE Z'AXIS
Ficure A-3. Definition of the velocity coordinate system.
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XVd
where Ts is the steering cycle time. The desired flight path angles,
Y and Td are calculated from the flight path angle curve fit. The
n n+1
closed-loop component is a vector with y and z components proportional
respectively to the in-plane and out-of-plane angles (n and v) between
the vehicle velocity vector and the desired velocity direction. The
closed-loop component can be expressed as
40.
K -n(A-2)
closed-loop component K-)
where V is the angle between the velocity vector and its projection on
the trajectory plane and Ti is the angle between the projection of the
velocity vector on the trajectory plane and the desired velocity
direction.
The rotation rate command, expressed in velocity coordinate
system, is the sum of the open-loop and the closed-loop components.
0 0
+ Vd dW command = Cd n+1 n + K -n (A-3)
T
s
0 -v
Vd
where C is the coordinate transformation from the desired velocity
direction coordinate system to the velocity coordinate system. The
successive rotations TI and v shown in Figure A-3 are used to form the
desired velocity direction to velocity coordinate transformation.
Vcos(v) cos(n) sin(v) -cos(v) sin(n)
C Vd -sin(v) cos(n) cos(v) sin(v) sin(n) (A-4)
sin(n) 0 cos(n)
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Ttansforming the open-loop component of the rotation rate command into
the velocity coordinate system yields the following result.
sin(v) ydn+1 
-dn
T
s
Wopen-loop component 
= cos(v) Yd d
n+1 n (A-5)
T
5
0
The angle v is assumed to be small. This assumption allows the second
order terms and higher to be neglected. Therefore, Equation (A-5) can
be expressed
d n+1 d n
sYd d
n+1 n
open-loop component VTs
0
The angles n and v used in the closed-loop component of the rota-
tion rate command can be determined from the cross product of the earth-
relative velocity unit vector and the commanded velocity unit vector.
The earth-relative velocity vector is assumed to be available in an
earth-fixed coordinate system (from accelerometer measurements compen-
sated for gravity). The command velocity unit vector is easily computed
in an earth-fixed coordinate system. To minimize the number of trans-
formations, the cross nrndint is taken between these vectors expressed
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in the earth-fixed coordinate system. The development of the angles n
and v in terms of this cross product follows.
'Ihe velocity unit vector expressed in the velocity coordinate sys-
tem is
1
0
0
(A-7)
Multiplying the desired velocity direction to velocity coordinate
transformation by the earth-fixed to desired velocity direction
coordinate transformation vields the earth-fixed tn velocity coordinate
transformation.
V
E d EC C CV V d
cos(v) cos(n +
-sin(v) cos(n +
Y )dn
Yd )
n
sin(n+y )d n
sin(v) 
-cos(v) sin(n + Y )dn
cos(v)
0
sin(v) sin(n + Yd )
n
cos(n + y )d
n
(A-8)
The velocity unit vector can be expressed in the earth-fixed coordinate
system using the transpose of the earth-fixed to velocity coordinate
transformation shown above (Equation (A-8)).
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C =V
1 cos(v) cos(n T.d
n
+ V
1 = C 0 = sin(v) (A-9)
(E)
0 
-cos(v) sin(n + Y )
n
The commanded velocity unit vector expressed in the earth-fixed
coordinate system is
cos y
n
1 0 (A-10)C(E)
-sin y
n
The cross product of the velocity unit vector and the command velocity
unit vector expressed in the earth-fixed coordinate system is
- sin(v) sin y d Ay1
n
1 X 1 = - cos(v) sin(n) = Ay2  (A-11)
(E) 
-_ sin(v) cos yd J3
where the Ay vector is the numerical result of the cross product at each
steering calculation. The error angles, n and v, are assumed to be
small. Making small angle approximations, n and v can be exDressed in
terms of Ay , AY , Ay , and y .1 2 3 d
n
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-Ay
1V =
sin yd
n
or 3
Cos Y d
n
Ti = 
-Ay 2
(A-12)
(A-13)
Since yd is 90 degrees at launch and is always greater than zero,
n
-Ay1
sin yd (A-14)
n
is the expression valid for the entire first stage. Substituting Equa-
tions (A-6), (A-13) and (A-14) into Equation (A-3) results in the com-
manded rotation rate of the velocity vector in the velocity coordinate
system.
Wcommand M
-AT1  d n+1 dn
sin yd T
n
n+1 n + K Ay'
T2
s
K Ay 1
sin yd
n
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(A-15)
APPENDIX B
DERIVATION OF THE ANGLE OF ATTACK COMMAND
The steering loop transforms the commanded rotation rate of the
velocity vector, developed in Appendix A, into corresponding angle of
attack and sideslip angle commands to the flight control system. This
transformation is derived in this appendix without the single plane
restrictions of Chapter 2. The angle of attack command is developed
using the translational equation of motion of the vehicle relative to an
earth-fixed coordinate system and the following assumptions and
approximations.
(1) The engine nozzle is deflected to balance to the aerodynamic
torque.
(2) The coefficient of the aerodynamic force normal to the
longitudinal axis of the vehicle, CN, is proportional to
the angle between the air-relative velocity vector and the
longitudinal axis of the vehicle.
(3) The vehicle is symmetrical about the longitudinal axis of
the vehicle.
(4) The engine nozzle deflections along with the angle of
attacks and sideslip angles that correspond to both the air-
relative and earth-relative velocity vectors are assumed to
be small.
(5) The earth-fixed coordinate system is assumed to be an iner-
tial frame.
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(6) Thrust is constant.
Two coordinate systems are used in deriving the translational
acceleration of the vehicle. The earth-fixed coordinate system, shown
in Figure A-1, is defined with the x and z axes in the trajectory plane,
the x and y axes in the local horizontal plane of the earth, and the
origin at the launch position of the vehicle. The velocity coordinate
system is defined so that the x axis is coincident with vehicle
earth-relative velocity, and the origin is at the vehicle center of
gravity. The orientation of the velocity coordinate system relative to
an earth-fixed coordinate system can be defined by two successive
rotations. See Figure B-1.
The translational acceleration relative to an earth-fixed
coordinate system is the sum of the translational acceleration relative
to the velocity coordinate system and the acceleration produced by the
velocity coordinate system rotation with respect to the earth-fixed
coordinate system. This relationship is given by the equation
+(E) + (V)
dV dV
dt M dt IV)+ x VE) (B-1)
(V) (V)(V
where the vector is differentiated relative to the coordinate system
shown in the superscript and expressed relative to the coordinate system
shown in the subscript. The velocity vector expressed in the velocity
coordinate system is
V
V = 0 (B-2)
0
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VE, XV
O XE
2  < X2
YEIY
YV
Z ', Z
ZE
XE, YE, ZE EARTH-FIXED COORDINATE SYSTEM
X ' Y', Z' INTERMEDIATE COORDINATE SYSTEM
XV, 'V, ZV VELOCITY COORDINATE SYSTEM
THE TWO SUCCESSIVE ROTATIONS THAT DESCRIBE THE ORIENTATION OF THE VELOCITY
COORDINATE SYSTEM RELATIVE TO THE EARTH-FIXED COORDINATE SYSTEM ARE:
(1) A POSITIVE X1 ROTATION ABOUT THE YE AXIS
(2) A POSITIVE X2 ROTATION ABOUT THE ZV AXIS
(NOTE: FOR THE SAKE OF CONVENIENCE ONLY, THE ORIGIN OF THE VELOCITY
COORDINATE SYSTEM IS SHOWN COINCIDENT WITH THE ORIGIN OF THE EARTH-FIXED
COORDINATE SYSTEM.)
Figure B-1. Definition of velocity coordinate system.
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The acceleration relative to the velocity coordinate system is
(V)
dVdt = 0 (B-3)
dt
(V 0
The earth-relative velocity vector, VE, is fixed with respect to the
velocity coordinate system. Therefore, the angular velocity, WV, of
the velocity coordinate system is equal to the angular velocity of the
earth-relative velocity vector (with respect to the earth-fixed system).
The purpose of the steering system is to produce an earth-relative ac-
celeration of the vehicle such that the angular velocity of the earth-
relative velocity vector equals the commanded angular velocity (derived
in Appendix A, Equation (A-15)). To determine this acceleration from
Equation (B-1), make the substitution
-AY 1  dn+1 dn
sin Yd T
n
+ + d n+ 1  dn (B-4)V Wcommand M T + K Ay2
K Ay
sin yd
n
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Therefore,
(WV X E) (V)
-Ay 'dd1 n+1 n
sin yd T
n
n+1 yn + K Ay2
S
K Ay1
sin yd
n
0
K Ay1
nV (B-5)
siny d
n
-v ydn+1 - dn K A
S
Substituting Equations (B-3) and (B-5) into Equation (B-1) results in
the following expression for the acceleration of the vehicle relative to
an earth-fixed coordinate system.
(E) F
dVE
dt (V)
K Ay
1
sin yd
n
-V n+1 n + K AyT 2S
(B-6)
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0
0
y-
Next, the acceleration described by Equation (B-6) uust be related to
the total force acting on the vehicle expressed in the velocity coordi-
nate system.
There are three forces acting on the vehicle: thrust, aerodynamic
force, and gravitational force. These forces must be resolved into the
velocity coordinate system. To resolve the thrust and aerodynamic force
into the velocity coordinate system, an unrolled body coordinate system
and a thrust coordinate system are defined. The origin of the unrolled
body coordinate system is defined to be the vehicle center of gravity.
The x axis is coincident with the longitudinal axis of the vehicle, and
the y axis is parallel to the horizontal plane of the earth. The orien-
tation of the unrolled body coordinate system is obtained from the velo-
city coordinate system by two consecutive rotations: a negative rotation
about the z axis through the angle SE followed by a positive rotation
about the new y axis through the angle aE. See Figure B-2. From
Figures B-2 and 2-4, aE and E can be seen to be the angle of attack and
sideslip angle of the vehicle longitudinal axis with respect to the
earth-relative velocity vector. The thrust coordinate system is defined
such that the x axis is coincident with the thrust vector. The orienta-
tion of the thrust coordinate system is obtained from the unrolled body
system by two consecutive rotations: a negative rotation about the y
axis through an angle Sy followed by a negative rotation about the new
z axis through an angle 6 z. The rotations are shown in Figure B-3.
The transformations required to express the forces acting on the
vehicle in the velocity coordinate system are summarized below:
Aerodynamic force
(1) Unrolled body system to velocity coordinate system
Thrust force
(1) Thrust coordinate system to unrolled body system
(2) Unrolled body system to velocity coordinate system
172
XNR
YVp
Y ,YNR
XV, YV, ZV
X ' Y ' Z'
XNR, YNR, ZNR
ZNR
ZV, Z'
VELOCITY COORDINATE SYSTEM
INTERMEDIATE COORDINATE SYSTEM
UNROLLED BODY COORDINATE SYSTEM
THE ORIENTATION OF THE UNROLLED BODY COORDINATE SYSTEM RELATIVE TO THE
VELOCITY COORDINATE SYSTEM IS DESCRIBED BY TWO CONSECUTIVE ROTATIONS:
(1) A NEGATIVE ROTATION ABOUT THE ZV AXIS THROUGH AN ANGLE PE
(2) A POSITIVE ROTATION ABOUT THE YNR AXIS THROUGH AN ANGLE aE
Figure B-2. The orientation of the unrolled body coordinate system
relative to the velocity coordinate system.
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Z', ZT
XNR, YNR, ZNR
X ', Y ', Z'
XT, YT, ZT
T
ZNR
UNROLLED BODY COORDINATE SYSTEM
INTERMEDIATE COORDINATE SYSTEM
THRUST COORDINATE SYSTEM
THRUST VECTOR
THE TWO SUCCESSIVE ROTATIONS THAT DESCRIBE THE ORIENTATION OF THE THRUST
COORDINATE SYSTEM RELATIVE TO THE UNROLLED BODY COORDINATE SYSTEM ARE:
(1) A NEGATIVE ROTATION ABOUT THE YNR AXIS THROUGH AN ANGLE Sy
(2) A NEGATIVE ROTATION ABOUT THE ZT AXIS THROUGH AN ANGLE 5z
Figure B-3. The orientation of the thrust coordinate system
relative to the unrolled body coordinate system.
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XNR
XT,
Gravitational force
(1) Earth-fixed coordinate system to velocity coordinate
system
The aerodynamic force acting on the vehicle can be resolved into
components along the unrolled body coordinates. (Because of symmetry,
the aerodynamic force is independent of the vehicle roll angle.) The
aerodynamic forces along the negative axes of the unrolled body system
(shown in Figure B-4) are given by the expressions
FNxz
YNR
FN Y
ZNR
XNR, NR, ZNR UNROLLED BODY COORDINATE SYSTEM
Figure B-4. Aerodynamic force resolved in the unrolled
body coordinate system.
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F = SqCA A
= SqC N
xy
= SqCN
xz
where S
q
CA
C
N
xy
CN
xz
Reference cross section area of the vehicle
Dynamic pressure
The axial coefficient of force along the vehicle x axis
The normal coefficient of force along the unrolled
vehicle's negative y axis
The normal coefficient of force along the unrolled
vehicle's negative z axis
The aerodynamic force vector in unrolled body coordinates is
F
aero
(NR)
-F
-F NN
-FN
xz
Thrust expressed in the thrust coordinate system is
T
T =T 0
0
(B-9)
The transformation from the thrust coordinate system to the unrolled
body coordinate system is given by the product of the rotation matrices
that correspond to the dy and 6z rotations shown in Figure B-3.
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(B-7)
(B-8)
cos
y
C T 0
B
sin 6y
0 -sin6 cos 6
y z
1 0 -sin6
z
0 cos6 0y
sind 0
z
coso 01
z
0 1
Therefore,
T [cos6y coscSy z
C = -sinoB z
sin6 cosSy z
cos6 sino
y z
Cos 6
z
sin6 sino
y z
The thrust vector expressed in the unrolled body coordinate system is
T
computed by applying the transformation C to the vector T :B T*
+ T +
T (B) = B (T)
T cO6y cos1
y z
= 
-T sin6z
T siny cosJ
y z
As previously indicated, both the aerodynamic and thrust forces (along
with the gravity force) are to be transformed into the velocity
coordinate system and summed. It is convenient, therefore, to sum the
aerodynamic and thrust forces in the unrolled body system before
transforming.
(Faero (B)
T cos6 cosS - F
y z A
-T sin6 - F
z N
xy
T sin6 cos6 - F
y z Nx
(B-13)
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(B-10)
-sin 1
y
01
cos 6
y
(B-11)
(B-12)
The transformation from the unrolled body coordinate system to the
velocity coordinate system is the product of the rotation matrices
corresponding to consecutive aE and SE rotations (see Figure B-2).
cosaE sinSE 0 cosaE
BC = -sin$E cosaE 0 0
0 0 1 
-sinaE
Therefore,
cosaE cosaE
BC = 
-sinSE cosaE
-sinaE
0 sina E
1 0
0 cosa E
sinSE CosaE sina E
cosaE 
-sin$E sinaE
0 cosa E
Applying this transformation to the expression given in Equation (B-13),
the sum of the aerodynamic force and thrust expressed in the velocity
coordinate system is given by
(+ +) B+ +
(F + T)v = C(F + T)B
aero ( aero (B)
(T cos6 cos6z - FA) CoscE CosaE -(T sinoz + FN ) sin$E
xy
= 
-(T cos6y cos6z - FA) sinGE cosaE 
- (T sin z + FN ) CosE
xy
-(T cos6 coso -FAsiE
+ (T sin65 cos6z - FN ) cosOE sinaE
- (T sin6 cos6z - FEN sinSE sinaE
+ (T sin 6y cosSz - FN ) cosaE
xz
(B-15)
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(B-14)
Equation (B-15) is simplified by using the small angle approximation for
6 , 6z , ct, and B.E
(T - F A) - (T. 6 + FN OE + (T 8 - F N aE
xy xz
(eF + T)() = -(T - FA) B - (T 6 + F ) (B-16)aero (VOA E z N
-(T 
- FA E +(Ty 
- FN
- xz
The gravitational force is the only remaining force not expressed
in the velocity coordinate system. The gravitational force expressed in
the earth-fixed coordinate system is
0
G E) 0 (B-17)
LMgj
where M is the mass of the vehicle and g is the gravitational accelera-
tion at the earth's surface. The gravitational force is expressed in
the velocity coordinate system using the earth-fixed to velocity trans-
formation developed in Appendix A (Equation (A-8)).
+ E +
G = C G(V) V (E)
-cos(v) sin(n + Yd
n
- Mg sin(v) sin(n + Yd (B-18)
n
cos(n + Yd
n
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If the small angle approximations for sin(v) and cos(V) are made and the
expressions for n and V (given in Equations (A-13) and (A-14)) are sub-
stituted into Equation (B-18), the following result is obtained:
sin(Ay
2 - Yd
n
+ -AY 1
G = Mg sin (y - AY2 ) (B-19)(V) sin Td dn
n
cos(yd 
- AY2)
n
Assuming the earth-fixed coordinate system is an inertial frame
during the first stage of boost, the sum of the forces is proportional
to the rate of change of the earth-relative velocity vector.
+ (E)
M dVEMd  + + +
= F + T +G (-0dt aero(V+ (V) (V) (B-20)
Substituting Equations (B-6), (B-16), and (B-19) into Equation (B-20)
results in an equation for the commanded rotation rate of earth-relative
velocity vector in terms of the forces on the vehicle.
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V K Ay 1
sinYd
n
n+1 
n + K Ay2s
(T - FA) - (T
-(T 
- FA E
-(T 
- FA) aE
oz + FN )E
xy
(Tz + FN
y xz
y xz
-
Mg 1
sin Yd
n
+ Mg sin(Ay 2 - Yd
n
sin(Yd 
- Ay2 )
n
+ Mg cos(Yd 
- Ay2 )n
(B-21 )
Next, it will be shown that the quantities FN , FNxZ ry, SZ , aE, and
aE in Equation (B-21) can all be expressed as functions of either the
air-relative angle of attack, a or the air-relative sideslip angle, 3.
As previously described (see Equation (B-7)), the aerodynamic
forces can be expressed in terms of aerodynamic coefficients:
F A = SqCA
FN = SqCN
xy
F N = SqCN
xz
The coefficients, CN and CN , are assumed to be proportional to
sideslip angle, 0, and angle of attack, a, respectively where sideslip
angle and angle of attack are defined in Figure 2-4. Therefore,
FN = SqCN 0
xy
FN = SqCN a
xz a
(B-22)
(B-23)
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Since the vehicle is symmetric about the longitudinal axis, CN and CN,
are equal and henceforth will be denoted by CN . Equation (B-22)
can be rewritten
F N = SqCN (B-24)
xy a
The nozzle deflections 6 and 6 are related to a and 8 by the ex-y z
pression for net torque on the vehicle. At the beginning of this appen-
dix, it was stated that the solution for commanded angle of attack and
sideslip angle would be based on the assumption that the engine nozzle
is deflected to balance the aerodynamic torque. Therefore, the follow-
ing vector torque equation can be written (where the vectors are ex-
pressed in the unrolled body coordinate system)
(r x T) + (r x F) ) = 0 (B-25)1 x (B) +(2 x aero) (B)
where
4g
r = 0 (B-26)
L0
and
cp
r = 0 (B-27)
0
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kcg is the distance from the nozzle hinge point to the center of gravity
Icp is the distance from the center of gravity to the center of pressure
(The aerodynamic force is assumed to be lumped at the center of pres-
sure.) Applying the small angle approximation to 6 and 6 in Equation
y z
(B-12) results in the following expression for thrust in unrolled body
coordinates.
T(B)
T
-T6
y
T6
y
(B-28)
Substituting Equations (B-23) and (B-24) along with the definition of FA
from Equation (B-7) into Equation (B-8) yields the following expression
for aerodynamic force in the controlled body coordinate system.
F
aero (B)
-SqC A-
-SqC N
a
-SqC Na
(B-29)
Substituting Equations (B-26) throuqh (B-29) into Equation (B-25) yields
the result,
0
T X 6 + 2 SqC a
cg y cp N
T 2 6 -2A SqC 0
cg z cp N
(B-30)
183 .
Solve Equation (B-30) for TS and T8
z y
T = - SqCN a (B-31)
cg a
T6z N 8 (B-32)
cg a
Finally, the quantities aE and OE in Equation (B-21) can be re-
lated to the air-relative angle of attack, a and air-relative sideslip
angle, 8 by assuming that the wind velocity does not change signifi-
cantly during a steering interval. Define the quantities
a = a aE (B-33)
w = 0 - (B-34)
In the absence of wind, a and 8 would be zero. In the presence
w w
of wind, these quantities represent the portion of the angle a and 8
repsectively which is produced by wind. It should be noted that in this
appendix, the quantities a, 8, aE and 8E refer to the desired angles
which will satisfy the steering command. They are not the actual vehi-
cle angles of attack and sideslip existing at the steering loop sampling
time. However, the contribution of wind to angle of attack and sideslip
angle will be approximately the same whether the actual angles or de-
sired angles are assumed.
Rewrite Equations (B-33) and (B-34) to solve the aE and 8E
,E = a - w (B-35)
OE= w (B-36)
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Insert Equations (B-23), (B-24), (B-31), (B-32), (B-35) and (B-36)
into Equation (B-21) and substitute SqCA for FA. The y and z components
of the Equation can be written as
MV K&y 1
sin Y = - (T - SqCA Ow) -( + 1) SqCN 
cg a
- Mg si 1  sin (-y 2)
sin yd n
n
(B-37)
-MV dn+1TI n + kAY2js 
-
- (T - SqCA a - a w - + 1) SqCN a
cg a
+ Mg cos(Yd 
- Ay2 )n
(B-38)
Solving Equations (B-37) and (B-38) for S and a:
B =0
(T - SqC A) + (1 +
.
c P) SqCN
cg a
M VKAy, gAy -
sin yd sin y d dn
n n
- A 2 ) - (T - TqCA) w
(B-39)
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a = *
(T - SqCA) + (1 + ItcB) SqCN
cg a
[M~( n 1  nd + kAy2 + g cos(Yd 
- AY2 ) + (T - SqCA)a w
(B-40)
Equations (B-39) and (B-40) are the relationships the steering loop uses
to command angle of attack and negative sideslip.
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APPENDIX C
ROLL TRANSFORMATION OF ANGLE OF ATTACK AND SIDESLIP COMMANDS
Express the unit velocity vector
system by applying consecutive angle of
shown in Figure 2-4 as follows:
(1) A negative
angle, 8.
(2) A positive
of attack,
rotation about
rotation about
a.
in the unrolled body coordinate
attack and sideslip rotations
the Z axis through the sideslip
a
the Y axis through the angle
NR
-sin al cos 8
0 sin8
cos a 0
-sin 0 0 1"
Cos 0 0
0 1 0
cos a cos 1
sin 8
[sin a cos 8]
(C-1)
The unit velocity vector can then be expressed in the control coordinate
system by applying the roll angle coordinate transformation (see Figure
3-2) to 1 (NR)
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V(NR)
a 0
1
a 0
Cos
=0
sin
1 0 0 cos a cos
= 0 cos sin sin 0
0 -sin cos sin a 
cos
= cos * sin
-sin sin
cos a cos 8
8 + sin * sin a Cos
8 + cos * sin a cos
Equivalently, the unit vector can be expressed in the control coordinate
system by using the rolled-axes anqle of attack and sideslin rotations
(see Figure C-1) as follows:
(1) A negative rotation about the Z axis
axes sideslip, 8 a(c)
(2) A positive
axes angle
cos a(c)
1 =(C) 0
sin a
(c)
rotation about the Y axis
c
of attack, a(c)e
0 
-sin a(C) Fcos (c)
1 0 sin (c)
0 cos a L 0
(c) -
through the rolled-
through the rolled-
-sin 8() 0 1
cos 8(c) 0 0
1 IJ Lo[cos a Cos8co (c) c (c)= sin $ (c)
sin a cos (c)i
(C-3)
Makinq small anqle approximations for a, 8, a (c), and 8 and equating(c . (c)
the y and z components of the two expressions for 1 :
(c)
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1
V(C)
81
8J
(C-2)
2(c)
Yc P(c)
Zc
ZV-
Va
XVa' Va, ZVa
0(c)
P(c)
X I
UNROLLED BODY COORDINATE SYSTEM
AIR RELATIVE VELOCITY VECTOR
AIR-RELATIVE VELOCITY COORDINATE SYSTEM
ROLLED-AXES ANGLE OF ATTACK
ROLLED-AXES SIDESLIP ANGLE
LIES IN THE Xc - Zc PLANE
THE ORIENTATION OF THE CONTROL COORDINATE SYSTEM RELATIVE TO THE
AIR-RELATIVE VELOCITY COORDINATE SYSTEM IS DESCRIBED BY TWO CONSECUTIVE
ROTATIONS:
(1) A NEGATIVE ROTATION ABOUT THE ZVa AXIS THROUGH AN ANGLE P(c)
(2) A POSITIVE ROTATION ABOUT THE YNR AXIS THROUGH AN ANGLE a(c)
Figure C-1. Definitions of rolled-axes angle or attack and
sideslip angle.
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XVa, Va
YVa
c = cos + a sin$
a(C) = -8sin* + a cos (C-4)
To obtain the transformation of steering loop commands from the unrolled
coordinate system to the control coordinate system, substitute a for a
c
and 0 for $ in Equation (C-4)
8 = B cos + a sin
c (c) c c
c Cc) ~Oc sin* + ac cos (C-5)
Note that as a result of the small analp aRsumptions for a and B , the
c C
transformation is a simple orthogonal roll angle transformation.
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APPENDIX D
DERIVATION OF THE ACCELERATION SENSED AT THE IMU
The position of the IMU platform with respect to the origin of the
inertial system can be expressed as the sum of two vectors Scg the posi-
cg
tion of the vehicle center of gravity with respect to the origin of the
inertial system and the vector, S , the position of the IMU with
cg to IMU the st of the Figur with
respect to the center of gravity (see Figure D-1 ):
S = S + S
IMU cg cg to 1IMU (D-1)
Take derivatives of both sides relative to the inertial system
S +
dt SIMU
The derivative Scg to IMU
sed as follows:
S + S (D-2)dt cg dt cg to IMU
relative to the inertial system can be expres-
S(I)
dt Scg to IMU
d +c (C)
dt cg to IMU B cg to IMU
where the superscript C indicates that the derivative is taken relative
to the vehicle control axis system, and w B is the angular velocity of
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(D-3)
Scg to IMU
to IMU EXPRESSED IN VEHICLE CONTROL
COORDINATES IS DEFINED AS FOLLOWS:
> tU kIMU
Zi Scg to IMU (C) 0
L0
INERTIALLY FIXED COORDINATE SYSTEM
VEHICLE CONTROL COORDINATE SYSTEM
Figure D-1. Position of the IMU with respect to the inertial
coordinate system.
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Yc
Scg
SIMU
X1, Y1, Z1
XC YC,ZC
the vehicle with respect to the inertial frame. Therefore, substituting
Equation (D-3) into Equation (D-2),
d +
dtScg
(I) d + to
+T cg to IMU (C)
+ + g
+ B ScgtolIMU
(D-4)
Next, take the derivative of Equation (D-4) relative to the inertial
system
t d + (C)
+ dt tSc g to IMU
d2 +
c g
+ d + d +
B tcg to IMUI dt B
+
Scg to IMU
(D-5)
The second term on the right hand side of Equation (D-5) can be expressed
as follows:
(C)
dtcg to IMU
2 (C)
--sdt 2 cg to IMU
d + (C)
+ B t cg to IMU
(D-6)
Similarly, the derivatives +
sedt 
cg to IMU
(I) (I)d +
and 
-a- WB
can be expres-
d +I
t Scg to IMU1
(I) d + (C)
-dt cg to IMU
+ +
+ B cg to IMU
(D-7)
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(I)d +M
tS IMU
2
t2 IMU
and
d
d j t BdW+B
(C) (C)
B B B (D-8)
Substituting Equations (D-6), (D-7), and (D-8) into Equation (D-5) re-
sults in the following expression for the acceleration of the IMU rela-
tive to the inertial system.
2
- S
dt 2 cgj
+ 2B t cg to
d +j(C)d + x S
cg
2 +(C)
dt 2 cg to IMU
(C)
tIMU
to IMU
+ WEB X B X Scg to IMU)
(D-9)
The IMU is fixed with respect to the vehicle and the cg motion with
respect to the vehicle is sufficiently slow that the terms
d2 +
S
dt 2 cg to
j((c)
IMU and d t+ (C)IMU dt cg to IMU I
in Equation (D-9) can be con-
sidered negligble. Equation (D-9) can be rewritten as
d2  +
d t2 IMU
d2
= 
S
dt2 Cg
+ + ++B '(B Scg to IMU)
(C)
+d +
+ t W BI cg to IMU
2
dt IMU
(D-10)
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The acceleration of the vehicle cg with respect to the inertial
coordinate system is proportional to the sum of the forces on the
vehic le
2
dt 2 cg
+
+ F
T aero +
- -+ + g
M M (D-1 1)
where T represents the thrust force, Faero the aerodynamic force and g
the gravitational acceleration. Substituting Equation (D-11) into
(D-10), the acceleration of the IMU relative to an inertial frame can be
expressed as
2d +S
dt2 IMU
+ F
T aero + + + +T -+ + g+w x W xSM M B B c g to IMU~
d +
dt BI
(C )
+
x S
cg to IMU
(D-12)
Next, express each of the
coordinates:
vectors in Equation (D-12) in vehicle control
From Figures 3-5 and 3-6,
F
aero (C) (D-13)
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-F A
=-F
N
xy
-F N
L XZ
T
T = -T
(C) z
[T6J
+ P
l e
B (C(C)=
(D-14)
(D-15)
where ; is the angular rate about the X. axis and from Figure D-1
IMU
=0
0
S
cg to IM C)
(D-16)
Substitute Equations (D-13) through (D-16) into Equation (D-12):
T * 
-FA IMU
_ S M - 1+
d- S = s 1 T6 + -F + g + 6 X 6 x 0
dty IMU M z M N (C)
yL TSY -F N .z -P - -L
IMU
+ 6 x 0 (D-17)
$ 0
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Simplifying,
2 T ' - F " U $ + 2)2
2 IMU z + FN + + 'IMU + IIMU
d(C) . e
TS -F e -
yL N' IMU LIMU
(D-18)
The acceleration sensed by the IMU does not include gravity. Therefore,
aIMU 1 (I)
a - Sg(U) (D-19)IMU IMU d 2 IMU (C )(C ) y I dt C
a IMUz
Also, the terms $6 and *I, are neglected because, in general, $ is small
or 9 and $ are small. At high roll rates ($), these terms may not be
negligble. However, the vehicle used in this thesis is assumed not to
roll at a rate greater than 30 deg/s. Substituting Equation (D-18) into
Equation (D-19) and neglecting the $5 and $; terms results in an expres-
sion for the acceleration sensed by the IMU.
IMUT -FA IMU
1 1
aIMU J z + -H FN + IIMU j (D-20)
La IMU ZLT6y 
- F N x XIMU e _
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